COMSW4281 Lecture Notes
Professor Anargyros Papageorgiou

Spring 2007

Lecture 1 (17 January)

Course Information

Course email: ¢s4281@Qcolumbia.edu (to contact TA, submit homeworks)
Professor email: apQcs

Textbook: Nielsen & Chuang

Courseworks

Grading: Homework 30%, Midterm 30%, Final 40%

Matlab recommended for programming

Quizzes might be given, averaged into midterm /final grades

Office Hours: Tues 1-2, Wed 12-1

Why Quantum Computing

1. Moore’s Law - Density of transistors increases every 18 months, which means within 10-20 years quantum
effects will become a barrier

2. Quantum Algorithms - Factoring, Search Algorithms

Best Classical Factoring Algorithm: Number Field

Performance: log 2¢(1°g Ny (loglog N)Q/3

Quantum Algorithm Discovered 1994 by Peter Shor

Performance: (log N)* w/ probability O(1) (or > 1

In general, quantum algorithms do not give results with certainty, but if probablity is greater than one half,
they can be repeated to get sufficient certainty

Discrete Logarithm Problem: given numbers a and b = a°, find s.
Quantum solution: 1 query O ((log 5)2)
When looking at quantum performance, have to look at the number of queries as well as number of operations.

Search Algorithm

Given binary string length N (for some huge N), find position of subtring

Classical Lower Bound O(N), even for randomized algorithms, no success guarantee

Quantum Algorithm O(v/N)

Quantum Algorithm only has polynomial advantage over classical, not exponential as in factoring
Grover’s Algorithm

Boolean mean, Numerical integration - related to search, same polynomial speedup

3. Quantum cryptography for key distribution

Can replace PKI, which assumes that factoring is hard. Private key distribution over a quantum channel
can’t be eavesdropped upon without detection. Earliest successes and applications of quantum computing
are in this area.

4. Study of Quantum Mechanics as a model of computation
Church-Turing Thesis - any algorithmic computation can be simulated (efficiently) by a turing machine
(which is probabalistic).



(efficiently) - part of strong version of thesis, weaker one leaves it out

(Thesis) - means conjecture or belief, not a provable theorem.

(which is probalistic) - fix for thesis added in 1970s. Solovay Strassev came up with a randomized algorithm
for primality testing which can give arbitrary levels of certainty at vastly improved efficiency over determin-
istic algorithm

Deutsch 1985

Came up with quantum model of computation in order to produce more solid version of CT thesis. Conjec-
tured a Universal Quantum Computer that can simulate any physical process. It isn’t known if this is really
possible. (His paper is in courseworks, first 3-4 pages are philosophical and accessible, rest is more technical)

5. Study of Entanglement. 2 qubit system that can’t be seperated... EPR state... Quantum Teleporta-
tion... More later in the course.

Quantum Systems
Size of quantum system is C¥where N is number of particles, C is number of coordinates, set of complex
numbers used to represent a state.

Quantum states can be expressed as vectors
Z1

Tl
T = . eCN

Tn

Dirac notation is used in many cases instead of standard linear algebra notation. Dirac “captures the
transpose of a matrix” (X - hermetian transpose of X)

For quantum states, ||z|| = 1. (]|z| - euclidean norm of X, square root of sum of squares)

States are transformed by unitary matrices U,. Unitary means preserves length, that UU? =1, or U1 =
UH . Examples of unitary matrices: identity matrix, any rotation matrix, and the Hausholder matrix
(P=1-2UU" ||U|| =1). Hausholder matrix has something to do with mirrors /reflection.

Quantum Computing Nutshell

Xy - initial states
Y = Vp = U3UsU; X - result is unitary matrices applied to input

Complexity is n - T', where T is number of matrices, n=log N=number of qubits, and N=length of quantum
register

Lecture 2 (22 January)

Quantum Computation

Start with X, initial quantum state which is a vector. Apply unitary operations, U ...U; (Unitary meaning
U]HUJ- = I). Cost can be measured in terms of number of qubits n, and number of operations t.



Qubits

Classical computation uses bits with states 0 and 1
Quantum computation uses qubits whose states are superpositions of states |0) and |1). (pronounced "ket
zero" and "ket one.")

Superposition states of qubits occur in a variety of physical systems. Simplest example is an electron that
can be in a ground state 0 and excited state 1. You can shine light to put electron in excited state and
reduce light to put it into ground state, or you can increase and decrease light repeatedly to put electron
into superposition state. Other examples of superposition states occur in polarizations of photons, and
intermediate angle spins of electrons traveling through magnetic fields

Mathematical description of qubits. Formally, a qubit is an element of a two dimensional hilbert space H.
A hilbert spaceis . (couldn’t make out word)
Qubit states can be represented as two complex numbers a and b, in a vector like

(Z)e@

ROIRG

Euclidean norms are 1 (|||0)|| =1, [||1)|| =1)
|0) and |1) are orthonormal (|0) - |1) = 0)

Dirac Notation

1

T2
|x) called “ket”, denotes coordinate vector )

I/IL
(x| called “bra” denotes ( T1 Ty -+ Tn )

(where 7 is complex conjugate of n)

(x|y) called “braket” denotes inner product, magnitude of projection of y on to x.
Y1

ey = el = (77 73 - m) | | =S

y’ﬂ
(zlz) = |||)II”

A qubit is a unitary vector in hilbert space.
ly) = a|0) + b|1) where a,b € C and |a|* + |b]* =

A qubit is a linear combination of ket 0 and ket 1.
1 0 a

o= )+ (1)-(3)

Showing qubit y is unitary.

- a R
|Hy>\|2:( a b ) ( b ) :aa+bb:|a\2+\b|2f

Showing qubit y is unitary in dirac notation.

I)I* = (yly) = (yl - |v)

= (a(0]+b(1]) - (al0)+b]1))

= da(O\O)+ab<0|1>+ba(1|0>+bb<1\1)
= aa+0bb=la>+ b



One feature of dirac notation demonstrated here is that you can treat matrix multiplication as regular
multiplication

Bloch Sphere representation of Qubits

Bloch sphere lets you represent qubits in a picture
) = al0) +5[1) ,

Substitute a = |a|e*?>, § = [B]e'¥?

) = laf ™= [0) +[B] e [1)

[¥) = e (la] [0) + 8] e'lPr=ee) 1))

Substitute ¢ = g — o, 7 = pa for ¢ € [0, 27]

) = e (|al 0) + (Bl € |1))

Substitute |a| = cos¥, |3 = sind), for ¥ € [0, Z]

1) = €™ (cos ¥ |0) + sin Je’® |1))

Substitute || = cos %, |8] = sin ¥, for ¥ € [0, 7]

1) = e (cos 2 10) + sin Ze™# |1))

Any qubit can be expressed this way, in terms of v, ¥, and . And if you disregard ~, (global phase which
it turns out to be impossible to physically measure anyway), you can take angles ¥ and ¢ and use them to
plot points on a unit sphere.

(Drawing bloch spheres

- 7 axis up, y axis right, x axis out

- ¥ = angle between point and z axis (latitude, but starting at north pole and extending down)
- = angle between projection of point at z=0 and x axis (longitude)

Textbook Figure 1.3, page 15)

Measuring Qubits

Attempting to measure a qubit in a superposition state, |y) = a|0) + b|1), will give you state |0) with
probability |a|2, and |1) with probability \b|2. After measuring the state, the qubit collapses, it ceases to be
a superposition, and it changes to whatever state the measurement gave, either |0) or |1).

Collapse is a non-unitary transformation. It can be considered a projection and renormalization.

Using standard linear algebra notation, you can express measurement of some state u (where u € CV) from a
superposition state x as being a projection of x onto u, followed by the normalization. To compute the result
of the projection, you can multiply = by a matrix M where M = u-u®. M is called a projection matrix and
Mz will be the result of projecting x onto u. You don’t actually need to form the matrix, however, since
Mz = vwuf 2z, and vz can be computed as a simple dot product.

Using dirac notation, and taking a measurement of |0) as an example:

Mlz) = 10){0[|z)
= 10) {0l (a0) +b[1))
= a|0)(0[0) +610) (O] [1)
= al0)

After normalizing, final state is \%I |0). Same process can be used for a measurement of |1) to express final

state as \TIZI 1)



Lecture 3 (24 January)

Course Information

Midterm - Wednesday, 7 March
Midterm Review - Monday before

Lecture 2 Review

ly) = al0) +b|1) = ™ (cosg |0) + et¥ sing |0>)
Collapse probability

10, p = |al?

1), p = [b?

Alternate Basis

1 T i0 . (T
+) = 7 (10) + |1)) = cos (Z) |0) + e sin (Z) [1)
1 )
=) = 50— 1) = cos () 10) + e sin () 1)
Bloch sphere representations
|[+), ¥ =7/2, p = 0, on equator at front of sphere

|-), 9 =7/2, p = m, on equator at back of sphere
Proving orthogonality of |[4+) and |-):

1) = (g1 ab)- (50 -m)

2 V2
((0]0) = (0]1) + (1]0) — (1]1))

Il
N =N~

(1-04+0-1)=0

Proving |+) is unit vector (proof is similar for |—) ):

1 1
(5 o) (500 +1m)
_ %(<0\0>+<0|1>+<1|0>+<1|1>)

(++)

(1+0+0+1)=1

DN | =

Equivalences, change of base

1

0) = E(MH_»
1

) = E(IH—I—))

ot



Hadamard Gate

Hadamard matrix maps |0) to|+), |1) to |—)

=l )

You can see it by looking at columns. In general when looking at a transformation matrix, the first column
shows what first basis vector (|0)) is transformed to, second column shows second basis vector (|1)), and so
on.

Hadamard mapping for general state |y) = a|0) +b|1)

Hly) = §;w+wm+w—mm>
1
= (@) + 1) +b(0)~ 1))
— al+)+b]-)

Hadamard transform is unitary and is it’s own inverse.

Example:
HO) = = (0)+11)
HH[0) = ;#HW+HMD=%W%HD+M—H»=M

The two half-|0) kets adding up is called constructive interference. The two half-|1) kets cancelling out is
called destructive interference.

Other Gates

Pauli Matrix:

X is analogous to NOT gate:

X0y = 1)
X[ = 10)
Xly) = all)+0b]0)
in Dirac notation:
X = [1){0[+10) (1]

In general, when you have a unitary operation U and you know how it transforms basis states:
U|0) =|s), U|1) = |t), you can express U as:

U =s) (0] + [t) (1]
Verification:
Uloy = [s){0[0) + [t) (1|0) = |s)
Uy = |



Linear Algebra Review

Given U is unitary matrix, (y|y) = 1,U |y) = X |y). Eigenvalues A € C can be expressed as A\ = e, t € R.

Show unitary matrix has eigenvalues of unit length:

U™ = Xyl
WUHUly) = M (yly)
1 = |A°

Because they have unit length, eigenvalues can be written in the form A = e*.

Show a hermitian matrix A = A has eigenvalues that are real numbers:

Aly) = Aly)

Wl Aly) = Myly) = A
@yl AT = Xyl

Wl AT ly) = Xyly) = A

A = AH therefore A = X therefore A € R

Spectral Theorem

Unitary matrix U can be diagnalized as U = VAV where

A O 0 0
0 X O 0
A =
0 0 0
0 0 0 A,
and V= (Y Yo --- Y, ), columnsY; are eigenvectors.

The spectral theorem applies more generally to any Normal matrix. Normal matrices commute with their
transpose, UUH = UHU.

(Matrix types

Normal - UHU = UU#

Unitary - UFU = UUH = I, type of normal matrix
Hermetian - UY = U, type of normal matrix)

Pauli Matrices
0 1
(1)
Eigenvalues are \; =1, A, = —1. Eigenvectors:
1 1 /1
= — (o 1)) = —
[+ = Zson= ()
1 1 1
- = (oY= 1)) = —
S = slo-n=—s( 1)

Called X matrix because on Bloch Sphere, eigenvectors are aligned with X axis.



v = (1)

Yio) = 1)
Y1) = —ilo)
Yiy) = iall)—ib|0)

Eigenvectors are

Lecture 4 (29 Janary)

Lecture 3 Review

Hadamard matrix

Pauli Matrices

y - ( Oi)
2= (0 5)-(0 &)

First column of each matrix tells you where |0) maps, second column tells you where |1) maps.

New Gates

Phase gate

Pi over 8 gate

Homework tip: We are allowed to cite eigenvalues from class. We can also guess and verify other eigenvalues
without going through characteristic equations. Also, for diagonal matrices, eigenvalues can be read off the
diagonal and a eigenvectors are |0) and |1).



Multiple Qubit Systems

Starting with 2 qubits. 2 qubits mean 4 base states:|00), |01), |10), |11) or, equivalently |0) |0}, [0)|1), |1) |0},
1) 1)

An arbitrary state is a superposition
|y> = apo |00> + aop1 |01> + aio ‘10) + a1 ‘11)
constrained by Zj K |ajk|2 =1,a;,€C

Measurement of any outcome j occurs with probability \aj\Q. Following measurement |y) collapses to |j).
It is also possible to make partial measurements, measuring some qubits but not others, taking sums as
you would expect. (The probabilty of making the partial measurement is just the sum of probabilities of
the full measurements containing the partial measurement. Following measurement, base states that aren’t
compatible with the measurement have their coefficients set to 0 and the rest are renormalized.)

Combining qubit states

ly1) = a1 |0)+ by 1)
ly2) = a20) +ba|1)

You can combine two independent qubit states to get a state describing the probability of each joint outcome

v1y2) = ly1) ly2) = (a1 |0) + b1 1)) (a2 |0) + b2 [1))
= ax |0> a2 |0> + a; ‘0> b2 |].> + b1 ‘].> an ‘0> + b1 |1> bg |1>
= a1a2\00)+albg|01>+b1a2|10>+b162|11>

(Note: all the products in the above equations are really tensor products, which are defined below. In previous
lecture notes, products inside dirac expressions implied standard matrix multiplication, which makes no sense
here.)

You cannot generally break a multiple qubit state up into separate independent states. Example: EPR state
% (|00) + |11)). You can see visually that there are no values for a1, by, ag, bs that will let you write the
EPR state in above form.

For an n-qubit system, each basis state can be expressed as a bitstring |j,—1jn—2 - jo) for j.,, € {0,1}. Or,
for convenience, it can just be written as a normal number|j) where j = Z:@_:lo 2™ G

Now that we have a notion for multiple qubit states, have to answer 3 questions:

Q1: What is the coordinate representation of a state |j) 7

Q2: How can you decompose and recompose states? For example, how do you compute |y) = |y1) |y2) where
ly1) and |y2) are multiple qubit states.

Q3: How can you compose operations. Given |y;) and |y2) which are multiple qubit states and unitary
operators Uy and Uy which apply to |y1) and |y2) , respectively, how can you find a U matrix that satisfies
Uly) = Ui |y1) Uz |y2)

Once you answer these questions you can start looking at algorithms.

Tensor Products

Tensor products are a new concept.

Given two matrices, A which has size m x n, and B which has size p x ¢, the tensor product A ® B will be
a huge matrix of size mp X ng:

auB algB cee alnB

annB  axB -+ ax,B
A®B= . . )

am,lB anLZB amnB



Example:

(10 0 L0 o) .10 0

12 3 10 0Y) _ 0 20 0 20 0 20
( 45 6 >)‘® ( 0 20 ) oy (0 0Y (10 o) (10 0
0 20 0 20 0 20

10 0 20 0 30 0
0 20 0 40 0 60
40 0 50 0 60 0
0 80 0 100 O 120

Example (using column vectors):

)’Y (1m>
10 10
100 20
Yay_| 2 30

200 'Y EX=1 100

30 200
300 300

Example: (using qubits)
1 1
x=(g)=mvy=(g)=-0

X @Y =0)®|0) = 0)[0) = [00) =

oo o

0
.. 0
Similarly, |11) = 0

1
And more generally, |j) = |j1jo) will be a column vector which is all zeros except for single 1 entry at position
. « : : i) : -1 -
J + 1 (see “Multiple Qubit Systems” above, j = >_""" 2" j,).

Example: (using qubits again):

H10) = —=(/0)

(H|0) ® (H|0) = (1(

10



Repeat example using dirac notation:

(H[0) @ (H]0)) = %(|0>+\1>)(|0>+|1>)
=5 (00) +]01) + [10) +]11))
| 0 0 0 1
L[| o 1 0 0 1|
S allo o [Tl |Tlo]]| T2
0 0 0 1 1

Associative property of tensor product:

[z) @y) @ |2) = |2) @ |yz) = |ay) @ |2) = |xyz)

Notation for tensor exponentiation:

) = [) @ [¥) - @ [)

Powers of H |0)

1
1 1

ok _
(HIOD™ = 57 |
1

where length of column vector is 2%.

The formula is obvious for k = 1. Proof for rest of cases is by induction, (base case k = 2 was shown in
previous section.) Inductive case is:

(2" - () ()

1 1

1 1 11y 1 |1
9(k—1)/2 : ® ﬁ 1 ) 9k/2 :
1 1

Tensor Products Continued

[DUNNO] I'm not exactly sure what the following equations are supposed to show. I think I was lost at the
time I was taking these notes.

‘]> = |jn71jn72 e JO>
Now make an arbitary split at qubit k.

|j> = ‘jnfl"'jk>|jk71"'j0>

- b))

11



n—1

.j = Z 2mjm
m=0

n—1
](1) — Z 2777,7](,‘]'7”
m=k
k—1
i = Y 2
m=0
Known n=1, n=2.
iy = i) i)
0
0 0
= 1 ® 1 = 1
0 0 .
0
|j(1)> has 1 at position ;) 41
|7®) has 1 at position j) + 1
|7) has 1 at position j +1 = ;1 . 2% + ) 41
New Course Information
The class now has a TA: James Li (sp?)
Lecture 5 (31 January)
Lecture 4 Review
0
In n-dimensional qubit systems, basis vectors are | 1 | =|j) with the 1 at position j + 1.
0
Any state |j) is a linear combination of j vectors.
n—1
Any outcome |j) has probability |cj|2 forly) = Z?:o i lg)
First homework assignment is out today, 3 problems, due 14 Feb.
Showed last time that
k
(H|O>)®k: ‘0>+‘1> ? — 1
\/§ 2ok/2
1

producing column vector of 2% rows. Will be generalizing today for inputs other than |0).

12



Properties of Tensor Products

1. Associative property (see lecture 4)

2. Distributing scalar multiple over tensor product

a(lz) @ ly) = (alz)) @ y) = |2) @ (a]y))

3. Distributing tensor product over addition

[y) @ (lz1) + |22)) = [y) ® [21) +[0y) ® |22)

4. Applying tensor products of operations individually to vectors.
(A® B)(|r) ®y)) = (Alz)) @ (Bly))

Example:
0+ )\ _
(\/5) = H|0)® @ H|0)
= (H® --H)(|0)®- - ®10))
H®k |O>®k:
Example:

(X ® S)]00) = X |0) ® S|0)

(X is NOT gate from lecture 3, S is phase gate from lecture 4)
Lets you apply transformations to individual inputs instead of applying huge combination operations with
big matrices.

Example:
(A® B) Zaj [z) ly;) | = Zaj (Alzj)) @ (Bly;))

6. Distributing Hermitian transpose over tensor product

(Ao B) = AH @ BH

7. Applying tensor product of operations to other operations.

(A® B)(C® D)= AC® BD

Proof can be stated in terms of property 4, just break down C and D into individual column vectors |z) and
ly). This is a useful technique in general, substituting vectors to figure out how matrices work.

8. If A and B are unitary operations, then A ® B is unitary.

Proof: AHA=1 BB =1

(AeB)" (A9 B) = (A" @ BY) (A® B) = (A"A) @ (B'B) =I®I=1

Powers of Hadamard Gate

Result of applying hadamard transforms to each qubit in some base (non-superposition) state j, made of k
qubits.

HE |jir-+-jo) = Hljr—1) - Hljo) |
_ o+ <—2 0 (;;)” 1)
0 Js
- ® |0>+<\;§1> 1)
- 2,3/2j2_;< " )

Where j-m = jg_1mi—1 + Jk—2Mmi—2 + -+ + Jjomo. ji,m; € {0,1} are digits of j and m expressed as binary
strings.

13



_ o) +(=1)%
7z

(Observe that for some single qubit state, js, H|js) 1) t6 see the intuition in the last step. At

k=2,
0) + (=)™ |1) o 10+ (=" 1)
V2 V2
= [00) + (=1)”" |01) + (=1)" [10) + (=1)"*/ [11)
At k=3,

10) + (=1)"* 1) Uk (=1 1) o)+ (=1 |1)
V2 V2 V2
= [000) + (=1)7° [001) + (=1)”* [010) + (=1)"°*7 |o11)
+ (71)j2 |100> + (71)jn+j2 |101> + (71)j1+j2 ‘110> + (71)j0+j1+j2 |111>

&

You can see that (—1)7 coefficients follow the |1)’s and get included in the expanded terms where m; is 1
instead of 0.)

For two qubit system, inputs |+), |+):

100)
0)+ 11 10) +[1) \01;
)

V2 V2 1o
111

For n + 1 qubit system, inputs: |+), |y): ‘O)\J/%‘l) ly) = |0y>j§‘1y> (has n 4+ 1 qubits if |y) has n qubits)

Solution is then made up of terms like |mg_1mg_o - --mg)

if my_o = 1 then term has |1) at second cubit, but may be + or -

if jp_o = 1 then it’s —|1) else if jx_o = 0 then |1)

if mp_o =0 or jx_o = 0 then no problem with + or - since we have 0 at location k-2

Summary: (—1)7*=2"*=2 |2(0 or 1)??7)

Jk—1mpg_1+-+jomo |mk

Repeat for all qubits to get (—1) 1°+-mg)

k—1 m-J
Upshot: H®* |j) = 2;3/2 2721'7,20 (=1)"™ |m)

Homework hint: This is half of work needed to solve one of the problems. It tells you columns of the matrix.
Homework asks you to find the whole matrix.

Properties of Tensor Products (continued)

9. If you have two states |z) and |y) which you can decompose with same dimensions.
ly) = ly1) ly2)

|z) = |21) |22)

Then <m|y) = (x1x2|y1y2> = <x1|y1> <582|312>

Example:
|d) = |011000)
|k) =|011010)

You can tell (d|k) = 0 based solely on the fact that the fifth qubit’s inner product ((0|1)) is zero.

Example:
(21] (22| X @Y [¥h1) [th2) = (21| X |¢1) ® (22| Y [1p2)

14



Completeness Relation

0 0 0
|7) (G| = 1 (O 1 O): 1
0 0 0

|7) is column vector with 1 at position j+1
(1] is row vector with 1 at position i+i
|7) (i] is projection matrix with 1 at row j+1, col i+i

Completeness relation
on— 1

>l =1

Next lecture will show completeness relation holds on any orthonormal basis, not just 7.

Lecture 6 (5 February)

Lecture 5 Review

k—1 o
L HOF[j) = s 570 o (=1)7™ [m)

2. (21| @ (22| - |y1) @ |y2) = (w1|y1) ® (w2|Y2)
Example:

(01] X ® AJ01) = (0] X 0) ® (1] 4]1)

271—1 . .
3. I=3200 |7l

Completeness Relation
A proof of the completeness relation (3 above) was shown last lecture based on adding up projections to get
the diagonal matrix. This is another proof:

An arbitrary state is a linear combination of basis states:
) = ¢jly)
J

Each constant is just:
¢j = (zly) € C

Substituting c; above gives:

) =3I} ()

In general
ly) = Aly) = A=1

Sl fay] = 1

So

A=Al =AY |x)) (z5] = 32 (Alzy)) (a5l

15



More Linear Algebra

An n x n matrix has n eigenvalues (\; € C) and orthonormal eigenvectors (|z;) j = {1..

(ATA = AAT),
V={_l|z1) --- l|x,) ), eigenvector matrix, VAV =1
A 0 0 0
0 X 0 O
A= , eigenvalue matrix
o o0 - 0
0O 0 0 X\,
(1]
A = VAVE =(Az1) ... Malza))
(znl
n
= > Ajlzy) (]
j=1
Eigenvalues and Tensor Products:
If A eigenvalues are \;, eigenvectors are |z;), for j=1..n,
and B eigenvalues are )y, eigenvectors are |zy), for k=1..n
then A ® B eigenvalues are A\; )\, eigenvectors are |z;)|xy)
For any matrix A, you can compute A2, A3, A*
If A is nonsingular, you can compute A~%, A=2
What about a general f: D — C, like sin(A), e?, f(A)
If A is normal and f()\;) is well defined for all eigenvalues
FA) = D FOy) ) (]
J
() 0 0 0
0 fe) 0 0
=V , vH
0 0 . 0
0 0 0 f(h)
Example:
f(z) = 2
f(A) = AF = (VAVEYVAVE) ... (VAVH) [multiplied k times]
= VAkVH

If Ac R™" and A = AT then e’/ is unitary. Proof:

(eiA)H (eiA)

H
i i
> e [ag) (a;] > e ) ()]
i j

i) i\
e gy (gl | | D€ Jay) (]
i i

= Y e jay) (ay| [ox) (il

gk

= Yt =1

J

16

.n}) iff A is normal



Controlled Gates

Controlled gates have a control input and a normal input. Control output is always the same as the control
input. If control input is |0), normal output is the same as the normal input. If control input |1), normal
output is some function of the normal input, where the function depends on the type of controlled gate.

Controlled Not Gate

|00) — \00)
|01> — ‘01)
|10> — \11)
|11> — \10)
Qonor [9) 17) = [i) |1 © j)
1 0 0 O
0 . 01 0 O (I 0
CNOT=1 0 0 0 1 |~ \o0o X
0 0 1 0

Each column of matrix is derived directly by writing CNOT mappings listed above for |00), |01), |10), and
|11) inputs. Matrix can be shown to be unitary by multipling with its conjugate transpose and getting the
identity matrix.

CNOT for Hadamard inputs:
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When dealing with inputs that aren’t 0 and 1, calling the same input the “control input” doesn’t neccessarily
make sense. When superposition states are fed to the CNOT, as above, the state of the second qubit controls
a NOT operation on the first.

Formally:
QenorH i) Hj) = H|i © j) H |j)

Oonor <<0> + (=) 1>> <|o> + (1)’ 1>>>
V2 Vi

~ Qexor (; (100) + (=1)7 01) + (=1)" [10) + (~1)"" |11>))
=5 (100) + (=1 or) + (~1)*11) + ”fuo)

— 1(I00>+(—1)j\01> +(=1)""710) + ‘11>

(100 + (~1)7 j01) + (=1)"*7 [10) + (- >”m|11>)
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for 4,5 €0,1
Proof:

Qcnot (Hi)yH|j))




Example circuit:
(H @ H) (Qonot) (H © H) i) [7)
H®

i) |j) —— H |i) H |j) == H|i®j) H |j) —— H®*|i® j) H** |j) = |i ® j) |j)
Controlled-U Gate

Notation looks like [i) |j) 25=% |i) U? |)

|00> — ‘00>

|01) — |01)

[10) — [1)@Q10)

1) — [1)QI1)
I 0

Qc-v = < 0 U )

Lecture 7 (7 February)

Lecture 6 Review

Circuit: (JA)|B)) = Qenor i) |5)

If 7 and j are defined on the computational basis, output is |¢) |i @ j), but output in terms of some other set
of basis states will be expressed differently.

Controlled Z Gate

1 0
=(o 1)
Qz i) |3y =1i) Z" |5)
Z|0) = 10)
Z1) =-1)
Qz i) j) = (=1)" [i) |5)
The gate with the control reversed, Z7 i) |7), going through the steps above, has the exact same definition,

(=1)"7]i)|4). So for the controlled Z gate, it is reasonable to think of either input as being the controlling
input on the computational basis.

= Z1j) = (=1 1)

Swap Gate

Circuit: (Qonor) (@ cnor) (Qenor) [i) |7)
where Qonor |i) |7) = i) X'|j) and Q' cyor i) 15) = X7 1i) |5))

i) )2 iy i@ ) S i @i 5 = ) i @ 5) SR [5) )
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For arbitary states:

[z)ly) = (al0)+b[1))(c]0) +d[1))
= ac|00) + ad|01) + bc|10) + bd |11)
Swap|z) ly) = ac|00) + ad|10) 4 bc|01) + bd [11)

a(c]0) +d|1))[0) +b(c|0) +d[1)) |1)
= (al0) +0[1)) (c|0) + d|[1))
= [y lz)

1-Qubit Gates as Rotations

(See also section 4.2 of the textbook)

(1) () (0

Implementation of all 1-qubit gates can be seen as counterclockwise rotations by an angle ¢, of points plotted
on the Bloch sphere around the X, Y, and Z axes.

e~X/2 Ry (9) = cos (g) I —isin (g) X = ( _22?2%3 Z;z(gg )

2
e~ WY/2 = Ry (9) = cos <;9> I —isin (g) Y = ( oo (3 Sm

sin ( 2 COS

4 —i9/2
e~ W42 - R, (¥) = cos <§> I —isin <g> Z = ( (e) ei0/2 )

Proof of the equations above will be done in two parts. First, by deriving the matrices from rotations around
the axes, and then by showing that the exponential forms are equivalent.
ia

0 .
0 eib ) can be expressed as a rotation

One general note to make here is that any matrix of the form (

around the Z axis by some angle. Just observe:

e 0 _ jogh e 0
0 eib =€ 0 eib;a

Rotation around X axis

Take an arbitrary qubit |y) = cos %' |0) + e?¢sin 2t |1). Trying to find an expression for this qubit after a
rotation about the X axis is messy. But for the case where ¢ = 7, finding the rotation is easy, and using
that case is sufficient for finding the general rotation matrix. So let

v ; 9 9 v
ly) = cos?1 |0) —&-e”r/zsin?1 1) = 00571 |0) —l—isin?1 [1)

This is a projection of |y) onto the YZ plane (x=0). Rotating this point ¥ radians counterclockwise around
the X axis is the same thing as subtracting ¥ from ;. The rotated point is

—Uy

In terms of a rotation matrix, the mapping from |y) to |y’) looks like:
a b cos }1 _ cos 191; v
c d isin% )\ isin 22
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Using the angle sum identies:
sin(x +y) = sinxzcosy+ coszsiny
cos(z+y) = coszcosy—sinxsiny

on the right hand side, and matrix multiplication on the left hand side gives:

7 9 9

ccos% +idsin71 isinﬁcosfficosising

( acos%—i—ibsinm > < cos%cosg—&—sinﬁsing )
= &
2 2

Comparing the two sides of this equation gives you the following solution:

a = COS§
9
b = —sino
SlIl2
.
c = —1 811 —
2
9
d = cos—
0052

So

Rotation around Z axis

Again, start with an arbitrary qubit, |y) = cos 2 |0) + " sin 2 [1). Taking ¢ =  projects |y) onto the XY
plane (on the equator at z=0).

1

)+ e —=|1)

1 0
V2
Rotating that point by 9 radians counterclockwise gives:

7') = —=10) + e —< 1)

Expressed as a rotation matrix:

Simplifying:

Rotation around Y axis

This was left as an exercise and not covered in the lecture. But, taking a qubit on the XZ plane so ¢ = 0
gives:

17) =COS%|O>+sin%|1>
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Rotating that point by ¥ radians counterclockwise gives:

i) J
910y 1 gin 1Y

[y} = cos

Expressed using a rotation matrix this is:

1)

a b cos ? [ cos w
c d sin 5 sin w

Which becomes:

a cos 191 + bsin %t 192 [ cos 1921 Cos g — sin ? sin 5
sin 2L cos 5 + cos

ccos &+ dsin L 5

Rotations as Exponentials of Pauli Matrices

Theorem 1 (exercise 4.2): If A2 = I then ¢4 = cosx] — isinzA

Proof (using Taylor series expansions from calculus):

© ko k Ak 0 ko k Ak k.k Ak
CizA i"a" AR "zl A ¥ A
¢ =2 m X ]
k=0 k odd k even
o 00 i(2k+1) (k1) 4(2k+1) O 5(2K) 1.(2k) 4(2K)
B [ ]
prs (2k +1)! prd (2k)!
2(2k+1) o (_1)1695(21@)
= A I -
' Z 2/<;+ 1Y

k=0
= ZASIILL + Icosx

Lecture 8 (12 February)

Z-Y Decomposition

Theorem 2: Any 1-qubit gate can be decomposed as
U =¢"“Ryz (8) Ry () Rz ()

(This is theorem 4.1 in textbook)
Proof:

Start by expressing U as:

U— X11€1:<P11 X1261:¢>12
X216“1021 X22€W>22

Y1
3 sin

Because U is orthonormal, vector norm of rows and columns is 1, so:

Xh+XP, =
X3 + X5
Xh+X35 =
X+ X3 =

— = =
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Begin decomposing U by pulling out Z rotations (note that in general, post-multiplying with a diagonal
matrix gives you multiples of the original columns, pre-multiplying with diagonal matrix gives you multiples
of the original rows):

U = Xu X1 e 0
B Xypelleai—e11) X, ei(22—¢12) 0 g1z

_ 1 0 X1 Xio elvnn 0
- 0 eilp21—p11) X X22€i(sﬂ22*¢12*(tp21*¢11)) 0 eiP12

The two outer matrices are Z rotations, and middle matrix can also be expressed as rotations, but different
kinds of rotations, depending on the values inside.

Case l: X11 =0 = X&H=1 = Xp=0 = X2 =1

Case 1.1: Xj5 and Xo; have the same sign. In this case, the matrix is the product of Y and Z rotations:
L(00)-(4 ) (4 e
Case 1.2: X5 and X5, have different signs. In this case, the matrix is a Y rotation:
ﬁ:< (1) _é ) = 4Ry (7)

Case 2: X1p=0 = X2, =1 = Xy =0 = X} =1

Case 2.1: X711 and X5 have the same sign. In this case the matrix is just identity:

1 0
(20 ur

Case 2.2: X7 and X5 have different signs. In this case the matrix is Z:
1 0
T

Case 3: All X;; # 0. Letting ¢ = @9o—p15 — (21 — ¢¥11), because the matrix is unitary we know:

X
X11X12 + Xo1 Xo2e™® = 0

In order for that to be true, the expression ¥ = cos¢ + isin¢ cannot have an imaginary component, so
sinp =0 and ¢ = k.

[DUNNO: The fact that the matrix is unitary and all entries are real is enough to make it rotation about
Y7

Theorem 3: U can be decomposed as U = ¢*AX BXC where ABC = I. Book has recipe for ABC which
serves as proof. (Corollary 4.2). In summary,

A = R.Ry
B = RyRz
C = Rz
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Controlled U, C(U), From 1-Qubit U

Use the Theorem 3 decomposition above. Start with just the phase shift, e’®. A controlled circuit for the
phase shift C' (emI )should have the following behavior:

’ Input \ Output ‘
0)17) | 10) 1)
[ 15) | [1) e ]5)

or

’ Input \ Output ‘
0)10) | 10)0)
0)[1) | 10)]1)
1)10) | [1) e |0)
[ [1) | 1) e 1)

The outputs from this controlled gate can be produced by a simple unitary transformation applied to the

first qubit:
1 0
0 eia

(1o #1
Circuit: <I® ( € 9(X > ) = (< ! ?(x ) ®I>
0 e 0 e

(My weird circuit notation would look a lot better in picture form, but it just shows the gates applied to each
qubit (from top to bottom) written as tensor products. I means no gate operating on a qubit. Variables or
matrices stand for real gates. Controlled gates are written with numeric superscripts indicating which qubit
they are controlled by. For example, X#! is Cyor controlled by first qubit.)

Using the circuit above, you can write the circuit for a general C' (U) where U = ¢/*AX BXC and ABC = I:

Circuit: << (1) e(i)a ) ®A> (I®X#1> (I® B) (I@X#1> (I®C)

’ Input \ Output ‘
00 | _0ABCE) = [0)11)) _
[ 15) | e [1) AXBXC|j) = [1) Ulj)

The circuit works because when [i) is 0, the Cyor gates have no effect and the output for the second qubit

is ABC, exactly the same as the input because ABC = |

Controlled U, C" (U), with multiple control inputs

Using n control qubits to control unitary operation of k& qubits:
CrU)lx) ly) = C*"(U)lxo-..xn-1)lyo---yk-1)
= ‘LE’O....’lfn,1>U'7:0':El""m"”1 ‘yo...yk,1>
— ‘x> U:r,o-wl.“-;v",l |y>

U is controlled by product of bits of |x), it is only applied when every bit is 1.

co-(48)

Size of C™ (U) is 2"*, size of I is (2" — 1) (2"), size of U is 2¥. Each column of the matrix is the output of
a basis state. The columns from [0---0)|0---0)to |1---10)|1--- 1)for the first part of the matrix (the bulk
of it) just give identify. Then, the last columns from|1---1)|0---0) to [1---1)|1---1) apply U to the last k
qubits of the input.

In matrix form,

23



Toffolli Gate
An example of C™ (U), with n =2 and U = X.

Xz} ly) |2) = |2) |y) [(zy) © 2)
NAND gate can be implemented in terms of Toffoli:

X ) ly) 1) = [2) |y) [(zy) © 1) = |2) |y) [79)

(77 is logical inverse of xy)

Fanout can be implemented with:
X1 |2)10) = [1) [2) [(1 - 2) @ 0) = [1) |z) |2)
Lecture 9 (14 February)

Implementing Controlled 1-Qubit Gate C? (U) with V2 =U
Cireuit: (T@ 10 U*#?) = (1o l1eVvH) (Tex# ol) (Te1eVi™) (1eXP o l) (Ie1eVH)

(Figure 4.8 in book)

Evaluated:
|z1) |z2) |z3)
|z1) |z2) Vo2 |x3)
|z1) | |71 @ 2p) V2 |x3)
1) |l @) | VATV |ag)
jo1) | |zo) [ )
|21) |22) Yoy TR es )

Evaluate third qubit output case by case

Case 1: If X; ® X3 = 1 then V=1 VHV 2 |15)

Case 1.1: If X; = 0 then Xy = 1 and VIV |z3) = |z3)
Case 1.2: If Xy = 0 then X; = 1 and VV# |z3) = |z3)
Case 2: If X; @ X5 = 0 then V™1 V72 |z3)

Case 2.1: If X; = X5 = 0 then|xz3)

Case 2.2: If X1 = X5 =1 thenVV |z3) = U |x3)

Toffoli Gate

Using V = 15 (I 4+ iX) above gives the tofolli gate. Verify:

1-2i—1)°
Ve = %(IQ—%%X—XQ)
- TZQZ'X:X

24



V can also be rewritten:

vV o= %(IJriX)
C1—i (V2 V2
()
1—i7% 1= ™
- A ) \/§RX(_2)

No Cloning Theorem

(Box 12.1, Page 532 in book)

Is there an operator U that satisfies U (|¢) |s)) = |[¢) |¢) for arbitrary states |¢) with some standard input
[5)?

Assuming there is such an operator, the following will be true for two states|¢n) and |¢9)

U(l)ls)) = [v1) [¥1)
U(le)[s)) = |2) [12)

Inner product of above equations, left hand side:

I
o~~~

-~

<

i~

—~

V2
N L N

—

<

V)

[V RN
3
~
=

Right hand side:
(J60) [1)" (1862) [¢62))

(W] (1) (1902) |92))
(V1 | 2) (Y1 | )
(W1 | )

Both sides together:
(1 | h2) = (1 | ¢2>2

which can only be true in two cases
Case 1: (¢ | ¥2) = 0 means |11) L |12)
Case 2: ({1 | 12) = 1 means |th1) = [¢)2)

So a cloning operator U will can work for a single state, or for two states that are orthogonal, there is no U
that can clone states generally.

Implementing Controlled n-Qubit Gates C" (U) (n>2)

Start off with simple examples and build in complexity

25



U=X, k=1, n=3
This just means taking a normal Toffili gate
Circuit: (1 QI ® X#l*#Q) 1) [22) |23)

and extending it to get an additional control line:

Circuit: (I RIRI®I® X#S’#“) (1 QIR X2 gl I) \21) |22) [0) |3) |z4)

Output of circuit will be |z1) |x2) |z122) |3) |(z12223) B 24), and the last qubit has the output we are looking
for.

U=any, k=1, n—any

In the general case, if you want to control a 1 qubit U with n inputs, you need to have n — 1 |0) inputs as
well. Add n —1 toffoli gates, taking the product of the first two qubit lines to the first |0) input, the product
of the second two lines (#3 and #4) onto the second |0) input, and so on. Halfway down, you reach the first
|0) lines, but you keep taking products in the same pattern, and at the end, the last |0) line will have the
product of the first n qubits. Below that, the unitary operation U can be placed it’s own line and can it be
controlled by the last |0) line, right above it, which holds the product of all the control inputs. An additional
n — 1 toffoli gates can be placed after the unitary operation, in the same pattern as before, to make the|0)
lines have|0) outputs.

U=U%F, k=any, n=1
Qu ) [trtz - -ti) = ) U [t1) U [t2) --- U [ty)

A special caseis U = X:

Qxlo)ltaty---tr) = [e)[cDbr)[cDla)---|cDty)

which can be drawn with a single control node, & X nodes (@) for each affected qubit, and a line connecting
all the nodes.

In matrix form,
ok I 0
c (X ) —\ 0 Xx©k

Size of C' (X®*) is 251 size of I, X®* and the 0 matrices is 2. Each column of the matrix is the output
of a basis state. The columns from |0)[0---0)to |0)|1--- 1)for the first half of the matrix just give identify.
Then, the last columns from|1) [0---0) to [1) |1---1) apply X®¥ to the last k qubits of the input. X®* looks
like a reflected identify matrix, with 1s going from the bottom left corner to the top right, and Os everywhere
else.

Above can be generalized,
Qule)ltrita---t) = YU [t1) U [ta) - U [tr)
k
= )OO b1 ta)
And



2 Level Matrix Gate

Acts non-linearly on at most 2 components of a vector, example:

T x'y x'y T
T 'y T 'y
/ !
I3 — I3 — X3 — X3
(V) za = or = or =
Td Td Td Td

Mentioned: QR Decomposition, Hausholder matrix

Lecture 10 (19 February)

[DUNNO: Was late to class, no idea what this is]
Implementation Topic

C*(U), C™(U)

2-Level Gates /Matrices

a2 0 ar fiom ar fiom

22 a0 az P2 72 = 0 B2 7

0 0 1 as B3 3 as B3 73
z=\/]aa]” + |

& 0 oy B A"y o'y 0 0
O 1 O O B//2 7//2 — 0 5/12 ,_Y//
_Oé3 O 7/3 0 5//3 7//3 0 ﬂ//3 71/3
Repeat as submatrix |o1| =1
O//l 0 0
UsUU U = 0o g’y 0 D
O O ,y//3

D is some diagonal matrix holding relative phases.

U=U'U'Uu;' D = U Ul Ul D

27



Measurements

(Book 2.2.3) Measurements are made with collections of measurement operators, {M;}, where operators
are Hermitian matrices, not necessarily unitary. There is one measurement operator M; for each possible
outcome, j. The measurements satisfy the completeness equation:

=0

Given a state |¢) , an outcome j occurs with probability

p () = (| MM ) = ||M; [9)]°

M)
V()

The probabilities of all possible outcomes j sum to one. Proof

causing the state to collapse to

1

(W 1) = W) = (] MM [4)

> WIMIM; ) =D p ()

J

Projective Measurements

Projective measurements are measurements on the computational basis.

Example 1:
0

M =1j7)Gl=| 0 1 0
0

M; is zero matrix with single one row and column j + 1.
Qbsgrve MjH = M; (matrix is Hermitian) and MJHM]- = M; (because it’s a projection matrix and |j) (j | j) (j| =
17) (71)-
. 2 N 2 . 2
p () = 1Mz [T = 1ll3) G T =1G T
M) =13) G 1) = G 1) 1)
) =D NG9 =D ¢l
J J

J

2" —1
S MM, =M = = i Gl = T
j=0 J

Example 2:
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My = |+)(+]
My = [=)(~]
_ 10 +11)
V2
M = M
MIM; = M,

Completeness relation

B+ =5 (1 1)+

Mi|y) = |+) (H ) == (\ji‘L\%) "
Mal9) = 1) (-] 1) = 7= (@ =) |)
p(1) = s ) = 122
p(@ = s = 22

Example 3

Measuring some qubits and not others. Say measuring k qubits in a system of k£ + n qubits. Then M; =
17) (j| ® I where |5) (j| is a size 2¥matrix and I is size 2".

Properties

MJH = M;

Means matrix is Hermetian and therefore that it has real eigenvalues. In other words it’s observable because
eigenvalues are what you observe.

MM, = (I3) Gl @ D) (I3 Gl @ 1) = 15) (5 1 7) Gl @ 1T = 15) (jl @ T = M;

M;ly) = M;jlr) |ib2)

(17) Gl @ I) [1) [¥2)
= [7) U [ Y1) @1 [th2)
(1) (5) [¥2)

1M 1)
1 | w1) (15) [2))]®
G L) P11 Teba) I
GG | 1)

s}

—

<

=
|
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Reason for last step is that |j) and |¢2) are both normal:

(1) 1)) ™ (15) [2))
(] (2]) (1) =)

(G 13) (a2 [ ¥2)
= 1-1=1

115 lab)1®

Lecture 11 (21 February)

Distinguishing states with certainty

Can we distinguish between two states |¢1) and |¢9) with certainty (with probability 1)? (Similar proof
page 87, box 2.3)

Assume it is possible, then there are measurement operators My, Mo, ..., M} so that
_ H
I=> MM,
J
Given states |tp1) and |i)2), then probabilities of outcomes 1 and 2 (respectively) should be:

Py (1) = (| ME M, |ihy) =1
Pys (2) = (Po| MF My [3ho) = 1

This implies that M; |¢1) and M; |15) are unit vectors. Using the completeness equation, it also implies
M1 ‘1ﬁ2> =0 and Mg |w1> =0.

(Completeness equation
MEM, + MIM, =1
leads to
L= (|1 [1) = (1| M My [ibr) + (91| My" My J4hr)
1= (o] I [h2) = (o] M{" My [tha) + (o] M3" My [¢hs)
and because(i)1| M& My |[¢p1) = 1 and (o] M My |1p9) = 1 the other terms must be 0.)
State|t);) can be written in using |¢2) and another vector |Z) as a basis, where|||Z)|| = 1, |Z) L |¢9):

V1) = alwa) + B|Z)
M 1) = aM;y |h2) + BMy |Z)

Assume |¢)1) and [i2) are not orthogonal, then (¢ | ¢2) # 0 anda #0, so || < 1. Then below, you have a
contradiction, proving they must be orthogonal.

1= ||My [p)l” = |81 My |12))* < 18° < 1

Note that ||M; |Z)||*just means (Z| ME M, |Z).
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Some Properties of Operators and Completeness

Given:
[91) L [1h2)
My = |¢1) (1]
My = [th2) (]

Mjand M, are symmetric non-negative definate, which means that for all |z), (z| M |z) > 0. This can be

verified as follows: ,
(x| M |z) = (x| M M |z) = ||M |z)[|* >0

Symmetric non-negative definate matrices have non-negative eigenvalues.

Define:

M =1—- DM — M,

Observe it’s symmetric. This means eigenvalues are real. Check that it is positive semi-definite, that for all

%),
(WM ) = (@ [ ) = (W My [¢) = (| Mz [¢p) = 0

(
My |) = [¢1) (Y1 | )
Mo [9p) = |ih2) (b2 | )
(W] My [9) = (g1 | )?
(Wl My [9) = [(b2 | )

WIM ) =1 ([ 9) = (W2 | ) =0
Need to find prove that above is > 0. |¢) can be expressed as
) = [1) (1 | ) + [ha) (P2 | ) + [2)
For some |z) L |11), |12). Taking inner product with |¢) gives:
L= (& [9) = (1 [0+ (W2 | 9 + [12)]* > 0

Rearranging,

L= {1 [ 9)° = [z | 9)* = [lI2)]1” = (& M |9) = 0

Which tells us M is symmetric non-negative definite. This means we can do spectral decomposition:

M0 0 0
0 X 0 0
M =V 1%
0 0 . 0
0 0 0 N\
VAI 0 0 0 VA0 0 0
0 VA2 0 0 0 Vi 0 0
=V _ vy ] v
0 0o . 0 0 0 . 0
0 0 0 v\ 0 0 0 VM

since VAV = I. Now, define M3 = v M

Results of measuring state |11):
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’ Outcome \ Probability ‘

1 Py, (1) =1 = (1| My |¢1)
2 Py, (2) =0 = (1| My |¢1)
3 Dy, (3) = 0 (see below)
Py (3) =0 = (¢n| M3" Mz |yn)
(1| (I = My — My) [an)
= (Y1 | 1) — (1| My [91) — (1] M2 [91)
= 1-1-0
FOI‘ |’lﬂ2>
| Outcome | Probability |
1 Py, (1) =0
2 Pyy (2) =1
3 Py, (3) =0

(Review of matrix types:

Normal - A7 A = AAH | matrix commutes with it’s transpose

Unitary - ATA =1 or A# = A=, type of normal matrix, eigenvalues all have absolute value of 1.
Hermetian - A = A” | type of normal matrix, eigenvalues are real

Positive Definite - hermitian and 7 Az > 0 for all z. (if not hermetian, some values of 2 Az would be
complex)

Projection matrix - hermetian and A? = A, is positive semi-definite, eigenvalues are all 0 or all 1)

EPR States / Bell States
(page 25)

Circuit: (I ® X#') (H ® I)
(H®I) |00) + |10) (T&X#1)]00) + |11)

|0) |0) NG NG = |Boo)

wen [0) + (<D exXP) o) + (<1 1)
) |7) 7 17) 7 = |Bi5)

[Boo) = |00>\ng

Bo1) = |01>\—/’—§|10>

_ [00) —11)

\ﬁ10> - \/5
j01) — [10)
B11) 5B

Property 1: if you measure first qubit, you know second qubit.
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Property 2: Bell states are entangled, and therefore can’t be written as the product of two entangled qubits.

(a1]0) + b1 (1)) (a2 [0) + b2 [1))

a1a9 ‘00) + a1bs |01> + bras |10> + b1bo |11>

There are no values of a; , by, ag, bo that can give one of the bell states.

Property 3: Bell states are pairwise orthogonal. Proof:

<ﬂi1j1 ‘ﬂi2j1> =

Case 1: jl 7& jg then <ﬁi1j1 | ﬁi2j1>

Case 2: j1 = jo

Case 2.1: il 7é i2 then <ﬂi1j1 | ﬂi2j1>
Case 2.2: il = i2 then <B’£1j1 | 6’£2j1>

=0

(Oj1] + (=1)" (1i1] \ [ 1042) + (=1)" [152)
V2 V2

(401 1 0j2) + 0+ 0+ (1) (1, | 17))

(G0 172) + (=1 Gy 1))

DO = N =

0 (because exponent i, + i is odd)
1

So inner product is zero unless i1 = i3 and j; = jo.

<ﬁi1j1 | ﬁi2jl> = (

Quantum Teleportation

[Book 1.3.7 p27]

(072] + (1) (12| \ [ 10j2) + (=1)"* |12)
V2 V2

Circuit: (I ® I @ ZM#XM#2) (H@ I & 1) (I © X*' @ I) ) |Boo)

1¥) [Boo)

- Rt
pexson o |oo>:/}|11> ol |1o>\4/r§|o1>
RIS 2 (10} + 1)) (100) + [11)) + 5 (10) ~ [1)) (110) +]01))
= 5100 (@]0)+b[1) + 3 J01) (a1} + b]0))
+5110) (@[0) = b[1) + 3 [11) (a 1) ~ b 0))
= (00} ) + 101) X [9) + [10) Z ) +]10) XZ [9))

By measuring first two qubits, you can know what X and Z filters to apply the third qubit in to make it
equivalent original input value [¢)). This means that if you have two entangled qubits (of the bell state Fy)
in seperate locations, you can use them to transmit an arbitrary qubit over a classical channel.
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Lecture 12 (26 February)

Lecture 11 Review

EPR States: f;; = [0j) + — (=1)" 1]1})

Superdense Coding

[Book 2.3, p97]

Just like in teleportation, Alice and Bob each have 1 qubit of a 2-qubit entangled state, Ggp. Alice wants to
send 2 classical bits of information by sending Bob a single quantum bit. She can do this by sending Bob
her half of the entangled qubit after she applies one of four operations to it, depending on the classical bits
she wants to send. The operations are shown below, and result in Bell states which Bob can distinguish to
determine the original classical bits.

[ Bits | Qubit \

00 |600> |00\+[|11 [® I|OO\-‘}|11 — ‘ﬂoo)

01 | |Boo) =™ HH Z® ﬂOO)\[lu = |B1o0)
10 | [Boo) >\7|11 X® Illo)\—}lm) | Bo1)
11 |ﬁ00> +\11>2Y®I|01\}|10) _ |511>

Quantum Queries

Mechanism to insert data into a quantum computer.

Assume you have a boolean function f = {0,1} — {0, 1}, then this is a corresponding unitary operation Uy
which is defined on the basis states as: Uy |i) |7) = [¢) |j & f (2)).

Proving Uy is unitary:

[} 17) Ug li) |3 @ £ (@) Ur iy |5 @ f (@) @ f () = |8} [5)

(Uf) = I therefore Uy = U} Yand Uy is unitary.

Quantum Parallelism

Inputing a superposition state to Uy computes a result of multiple inputs to the function f in just a single
operation.

Cireuit: Uy (H ® 1) |0) |0)

0+ 1)
00) H®I T\m
0) i
Up sl0e )+ 5o f )

10£(0)) + [Lf (1))
V2

Single output state contains both values of function f.
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General Quantum Queries

Assume you have a boolean function f = {0,...,2" — 1} — {0,1}, then there is a corresponding unitary
operation Uy which is defined on the basis states as: Uy |i) |j) = i) |7 @ f (¢)).

Circuit: Uy (H®" @ 1) 0)®" |0)

0...0)[0) H®"®I H®"|0...0)|0)
= (H[0)@-- @ H|0))]0)

2" —1
= Sz 2 1D00)
7=0
1 2" —1
Uy 2n/220|j>|f(1)>

Quantum parallelism is not enough to exploit power of quantum computing, because even though the final
state is a combination of all possible outputs of the function f, when measurement occurs it will only give
a single, random output. Need to find ways to combine the values to be able to efficiently measure some
global property of the function.

Matrix Representation of Uy

When f is boolean function of 1 bit:

X7
Ur= < X )

Ur i) 17) = 1015 @ f (@)

Case i =0, f(0) =0, |0j) — |07)
Case i =0, f(0) =1, |[05) — |07)
Casei=1, f(1)=0,|1j) — |1j)

Case i =1, £ (1) = 1, [1j) — |17}
When f is boolean function of m bits:

X f0)
xf@
U =

xXr@m-1
When f is function of m bits returning n bits:
f={0,....2m -1} - {0,...,2" — 1}
Upliv..in) 1 gn) = Ugli)13) = [i) | & f (2))

where & is addition mod n. Uy is a permutation matrix (which makes it unitary) with a single 1 in each
column.

U; is made up of shifting matrixes, which work like: A, |j) = [p® j) for j,p=0,...,2" -1
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Matrix A, has 1 in first column at position p+1, then one row down in each column after that. Some special
cases of shifting matrices are Ag = I and when n =1, A; = X. But, back to Uy :

Upli)3) = i) 17 ® (1)) = |i) Agay l7) = (T © Agay) Uy |i) 19)
Af(o) y
Uy - £

Af(Q’”—l)

Lecture 13 (28 February)

Lecture 12 Review

Upliy13) = li) |5 & f (2))
Homework Hint: When U]% #1

Ugli)li & f (@)
i) 7@ f (i) @ £ (4))
015 ®2f (4))

UsUs |9) 1)

Deutsch’s Algorithm
Given f:{0,1} — {0,1} compute f(0) @ f (1)

Circuit: M@ I(H®I)U;(H® H)|0)|1)

0)1) HeH <|O +|1>> <0>\gl>>
_ %(|oo> 01) + [10) — [11))
up 5 (105 @) = 0T @) + 117 (1) - [IT))
_ %(|0>( ) = 7)) + 1) (1f ) - [FD)))

Case f(0)=0, |f (0 ’f > |0) —[1)
Case £(0) = 1, £ (0)) = |[F(0)) = [1) = [0)
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Therefore |f (0)) — ‘m> = (—1)f(0) (10) — 1))

Continuing. ..

(=17 10) (10 = 1)) + (=17 1) (j0) = 1))
1 » D) 10 =11
= S5 (0010 + 0/ ) Es

(_1)f(0) (|0> + (_1>f(1)—f(0) |1>) |0>\;§|1>

N =

Sl S

Case f(0) = f (1), then (|0} + (~1)Y D~ 1)) = o) + 1)

Case f (0) # f (1), then (J0) + (1)@ 1)) = [0) 1)

Continuing. ..

! 1)
0)—|1
= y@eray 2l
Deutsch-Jonsa Algorithm
Given f:{0,...,2" — 1} — {0,1}
where function f is either balanced or constant. Constant means f(j) = f(0)Vj. Balanced means if

Ao ={j: f(j) =0} and Ay = {j: f(j) = 1}, then |Ag| = |A1| = 2"~1. The algorithm determines whether
a function is constant or balanced, assuming it won’t be any thing else.

Classical Solution
Requires 2"~ + 1 evaluations worst case. Algorithm is to loop through the inputs, checking to see if the
function ever returns two different values. If it does return two different values, the function is not constant

and the loop can be terminated. After the halfway point, if only one value has been returned, the function
is not balanced and can be labeled constant.

Quantum Solution

Circuit: [M @ I](H® 1)U (H®" @ H) [0)°" |1)
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2" —1

oo men gz ) (M50)
- JZO <j0> —2|j1>>

2 fG ’Jf
(ﬁ) 271/2

= Zu
2 /2 7=0 \[
2" —1
_ f(J)
1)
Rn f(J)
werar L z (/ > (- ) 010

- Z“"“( f“)

Setting aj = 5 > (—1)7* (—l)f(j) to represent the “amplitude” of each k.

Looking at ap = 5 > (,1)1"(3'):

If function f is constant then ay = +1 which means a; = 0 for all k£ # 0. This is because of completeness, if
coefficient of one basis state 1, all others must be zero. If function f is balanced then ag = 0.

Homework: What do we need to do to detect 3/4 balanced instead of 1/2 balanced.

Randomized Classical Algorithm

Generate k random input to function f, if function evaluated at any two of the inputs is different, the function
will be labeled balanced, otherwise it’s considered constant. Algorithm can fail, outputting constant when
the function is actually balanced.

Ag={j:f0U)=0} A ={j:f(j) =1}

Balanced when |Ag| = | 44|

Probability of picking 1 sample which is 0: p(1,0) = l
Probability of picking k samples which are 0: p (k, O) 5%
Probability of picking 1 sample which is 1: p(1,1) = =
Probability of picking k samples which are 1: p(k, 1) 5%
Probability of failure given f is balanced: p (k,0) +p (k,1) = %

Set p > 2% to succeed with arbitrary probability.
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Lectures 14/15 (5/7 March)
Midterm and Midterm Review

Lecture 16 (19 March)

[Book Chapter 5]

Discrete Fourier Transform

Maps vectors xg,...,TnN_1 — Yo,--.,Yn_1 like:

N—
- 27r1kJ/N
"L

Cost O (N?)
1965 — Cooley-Tukey Fast Fourier Transform (FFT) cost O (N log N)

Quantum Fourier Transform

Input state |j) for j =0,..., N —1 where N = 2™ (N is power of 2):

1 ey 2mijk/N
Flj) = =TI k)
N k=0
Equivalence to Discrete Transform
N-1 N—1
FIY i) = z; F|j)
j=0 j=0
N-1 ;N
— > j N Z: eZﬂ'zgk/N |k>
j=0 k=0
N-1 ;N -
— ijQﬂZ]IC/N |I€>
k=0 N j=0
Applied to |0)
;N ;| Nl
F‘O> _ 6271'1019/N |]€> _ |l€> _ H®n |0>®”
N3 N5

Matrix representation

_ ) ezm',;'k/zv
Flj) = 7% (2mij(k+1)/N
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1 1 e 1
1 e2mil/N e2mi(N—1)/N

1
\/ﬁ . . . .
1 e2miN-1)/N 62m'(N71)2/N

F:L(e%rijk/N)

VN k,j=0,..,N—1

Proof F is Unitary

1 .
FH _ 727r1]k/N)
VN ¢ G, k=0,...,N—1
1 N—-1
FHF _ N < 6727r1pk/N 27rzk:q/N>
=0 p,q=0,..., N—-1
1 1
_ 2mik( )/N
= ¥ <Z e27ik(a—p )
k=0 p,q
Ifp=g, (FHF)pq =1
Ifp#q,
N-1
H - 2mik(q—p)/N
(F7F),, = D e

: N—-1
627”((1_1)) N e

e2mila—pP)n — 1
eQﬂ'i(q_p) —1
e2mila—p)x _

= 1-1=0

Therefore, F#F = I, and F is unitary.

k _ rntl g )

(Formula for sum of a geometric progression used above: Y ;' r —

Tensor Product Representation

Notation:

J=d12 . gn = 512" N 52272 4 L+ g
2% =0J1J2- - Jn = j1§ +j227 —l—an—n

57 = J1-+ - Jn—tJn—t+1---Jn

e 2]7 = ezﬁi(jlu-jnff-jnfl«i»l---jn)

) ) ] 0 +627T’i0.jn 1 0 +627Ti0~jn—1jn 1 0 +e27ri0‘j1j2...jn 1
Flj) = Flj...jn) = 12 L 1o L) )

V2 V2 V2

Proof, start with:
N—1

F|j 627”]k/N |]€

%\H

k=0
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Decompose k = (ki ...kp)

627rij0.k1...kn |k‘1> L |kn>

MH
M-

Flj) =

>

&
Il
o

k=0

=

ezmj(klé+k22%+---+kn%) [k1) ... k)
kn 0

H
I

MH

® PR k)

o

s <
I
o
—

kn

ENE o
L]

Simple example illustrating last step:

1 1
S S Y e )
=0

1 1
_ ( eQm’,jkq% |k‘1>> <Z eQﬂijkz% |k2>>
k1=0 ko=0

Continuing:

. n ‘0> + 6271'2’.]’/21{ |1>>
j g %

Dividing j by 2¢ is equivalent to moving the decimal point in the binary representation of j by £ places to
the left. Additionally, after the shift, any digits to the left of the dot can be discarded. This is because the
function e*® has a period of 2, so the only the fractional part of 2]7 matters, and the whole number part
can be set to 0.

|O> + e2mi0.j1j2.-.Jn

1)

0 +627ri0..jn 1 0 _~_627Ti0~47ﬁ71jn 1
0 ), 10) ) s

At £ =1, term is: (M)

V2
At £ =2, term is: ( 7 )
= . [ |0)4e2 0 In—2n—-1dn|1)
At ¢ = 3, term is: ( e )

Tip: Remember this lemma for final
Fourier Transform as Circuit
1 0

Define Ry, = ( 0 e2mi/2t >
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EI
I Il
/N N
(el O =
| o —= O

N—
N—— I
I ~
N

Ry =

332(1 0 ):T

When evaluating cost of implementing fourier transform, assume implementing each of one these R gates
has unit cost. The assumption may not necessarily be true in an actual implementation.

S =
. O
~_ -
I
@)

o
(9]
E
S.
~
~

Circuit: ® (Rfi’“l o R;MHH) |je)
=1
First Qubit:

#o[0)+ (=D [1) _ |0) + €20 1)

lj1) — 7 7

Trick used: 2701 = { 62731‘/2 - z 0 = (—l)jl

Ry R%Q |O> + £2im0.j1 Rgz |1>

w/j2 \/5
|O> + e2iw0.j1627rij2/22 ‘1>
a V2
e )
a V2
Ra Rg);s |O> + £2im0.51 R?f” |1>
w/js \/i
|0> + e2im0.517273 ‘1)
a V2
R, |0> 4 e2im0.5172..Jn |1>
w/jn V2

Second qubit:
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. " |0> + ¢2im0.52 ‘1>
g2} — B S—
Ro |O> + eQiﬂO.erQﬂij3/22 |1>
w/j3 \/§
0) + 70925 1)
V2
Rs |0> + e2i7r0.j2j3€27rij4/23 |1>
w/ja V2
|0) + e2im0-275a |1)
V2

Ro_1 |O> + 621',7r0.j2...j7,, |1>

w/jn V2

Last qubit:

om (o) + e )
n -
) 7
Circuit output is o o
|O> + 62271'0.]1...]" |1> ‘0> + 627,7r0.jn |1>
V2 V2

which is the Lemma 1 expression for the Fourier transform with qubits in reverse order. To correct this, bJ

swap gates can be used to swap the top and bottom bits, second to top and second to bottom bits, and so
on. Each swap gate is made of 3 CNOT gates.

Cost: Each qubit requires O (n) gates to transform, total cost is O (n2) for transforming all qubits and O (n)
for swaps, which is O (nz) total. Best classical cost is O (Nlog N) = O (2™n), so quantum implementation
represents an exponential speedup.

Next Lecture: Phase Estimation

Homework: Implement reverse fourier transform, finding algorithm and cost.

Lecture 17 (21 March)

Lecture 16 Review
Fj) = S SN 2 b |1y

2mi0.5n 27i0.91--.Jn
qujw:Oﬂiﬁ;@)®m®<ﬂigﬁ4Jﬁ>

Cost: quantum implementation O (n?) beats classical O (2"n) = O (N log N)

Hint: Finding F¥, problem 1 next homework. Two approaches. One is to look at the circuit and determine
meaning of the conjugate transpose as an operator. Other is to look at the definition of F¥which differs

only by a minus sign.
N—1

FH |] —2mijk/N |k‘

e

%w

k=0
Cost should be the same.



Phase Estimation
Overview

Heart of many quantum algorithms. Related to solution to Schrodinger’s equation, important for quantum
simulation.

Problem: Given unitary matrix U, size N x N where N = 2* (using k instead of n as in previous lecture
because n is used for something else here). Also given |u), eigenvector of U, so

Ulu) = A|u) = e*™% Ju)

for ¢ € [0,1]. Goal is to find approximation of ¢ with accuracy 27™. Algorithm is covered in this lecture,
the correctness in shown next lecture. ¢ can be represented as:

©=0.0102...0nPn11

If only n digits are given, precision is lost but bounded by a maximum error. Maximum error can be
computed by assuming every digit after the nth is 1 when it should be zero:

=1 =1 1 1 “n
Z 7:2n+ ZEZQnJrl <1>:2

Givens

1. Given|u), eigenvector as superposition state k qubits long.
2. Given controlled operators U 2 for j=0,2,... implemented as black boxes.

[See also paper: Quantum Algorithms Revisited]

Algorithm

To see understand the algorithm, it helps to look at how aU? gate controlled by an H |0) qubit acts:

0) [u) + [ [u) () 10) u) + [1) U |u)
V2 V2 |
10) Ju) + [1) €27 Ju)
V2
10) + |1) e2mie?

= Y I |w)

Using different values of j results in qubits that can be expressed in terms of different portions of the bitwise
representation of ¢:

U2 — 10) + €22 1)

|()> + 627ri0.<pttpt+1... |]_>

U2t72 — |0> + eQTrin2t72 |1> |O> + eZTriO.Lpt,lgattthrl... |1>

|0> 27T’LLp2 |1> ‘0> + eQﬂiO.g@g...Lpttpt+1... |1>
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U20 — |O> + e27ritp |1> — |0> + e2ﬂi0-W1---SOt§0t+1~-- ‘1>
As can be seen above, u? essentially means shift ¢ by j bits to the left. The whole number portion of the
resulting numbers is discarded because the exponential function is periodic.

The states shown above look like the states that would result from F'|p; ... p:), where F is the quantum
fourier transform.

Circuit

Circuit is made of two registers, top register is ¢ |0) qubits, bottom register is |u) (which is k qubits long).
Hadamard gates are applied to each |0) qubit in the first register, and output of those is used to control a

sequence of U2’ gates on the second register. The 1ﬁrst gate on the second register, U 20, is controlled by the
H |0) output on the first qubit, then there is a U? gate controlled by H |0) from the second qubit, followed

by a U 2* gate controlled by the third qubit, and so on. [Textbook figure 5.2 page 222]

After these gates, an inverse fourier transform is applied to the first register, and measurement of that
register on the computational basis yields the binary digits of the representation of .

t .
We need to show that before the inverse fourier transform is applied, the top register has value 5 Zi;ol e2mike | k).
This can be proved with induction. Start with the last two qubits:

(10) +€*722 1)) (10) + €™ [1))
= [00) + > |01) + €>™# [10) + €73 |11)

DN | =

Then the inductive step is:

2t=1_1
1 ( 2mi2t =1 1 omik
—= (10 + e ) | s D k)
V2 2(t=1)/ prs
1 2t=1_1
:W Z (62mlﬂp|0k>—|—€2m(k+2t_l)§0|1k>>
k=0
21

Il
[\)
Nl
o
M
—
(9]
N
3
S
S
€
.
S~

Circuit and Expression

A second interpretation of phase estimation can be seen by looking at the overall circuit diagram [Textbook
figure 5.3 page 223|.

H®tQI 1 .
|0>®t lu) ——— 972 Z |7) |u)
j=0
) 1 2t—1
U.7 . .
- 9t/2 17) U7 |u)
j=0
2t—1
1 ]
= 9t/2 |J>€2 1% |u)
j=0
i 2t—1
— g4, 0)0)
=0



We aren’t solving for the coefficients of possible output basis states right now, we just refer to them here as
g (4, @) or ay. (The next lecture solves for ay). Now when ¢ can be expressed as 0.¢7 ... ¢ exactly, there is
unique ¢ so that

lae| = |g (lrp)| =1

and all the other oy values are 0. The algorithm succeeds in this case, but it also succeeds more generally,
and this is shown in the next lecture.

(Above depends on the fact that the sequence of controlled-U operations in the circuit transform a basis
state |7) |u) to |j) U7 |u). This is exercise 5.7 in the book, and can be seen from the fact that if j has a ¢ bit
representation:

DU w)y = 1j) U2 i1 22 |u)

= |HUI x UPdt x e U )

)

Cost of circuit in gates is t H gates, ¢ controlled U 2 gates (assuming the exponents don’t affect cost), and
an FH gate which has cost 2. O (t + ¢ +t*) = O (t?). Cost in qubits is ¢t + k, O (t + k)

Application: If you have real matrix, A, so that A = AT, ¢4 is unitary, zh% = Hy (x,t) where h is
Planck’s constant, H is Hamiltonian.

Lecture 18 (26 March)

Missed Class, filling in blanks from Textbook section 5.2.1.

Output of the first register of the phase estimation circuit before inverse fourier transform is:

1 i2t—1 ot —2 .
52 (‘0> +e2mi2 e \1>> (\0> + 2™ e \1)) (|0> 4+ e2mi2%e ‘1>>
1 2t—1
— 2mwipk
=5 > TR
k=0

If o = 0.1 ... exactly, applying inverse fourier transform to this state gives state |¢1...p:). When ¢
cannot be represented with t bits, the analysis below applies.

Let b be integer in the range 0 to 2! — 1 such that b/2" = 0.b; ... b; is the best ¢ bit approximation to ¢ which
is less than . Error is § = ¢ — b/2" and 0 < § < 2~!. Applying the inverse fourier transform to the first
register gives:
t_1ot_
| 212l
2t
=
t

e—zmkz/zfezmwk |£>

k=0
2t —

]

|

= o
—

2 ()

Il
N~
Y
L o

Qy_p |f>

o~
Il
o

Let ay be the amplitude of |b 4 ¢) (taking addition inside the state and subtraction in the subscript of « to
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be modulo 2¢):

1 2'—1 k
a = — (ezm(wf(bqtz)/w))
ot
k=0

11— 627ri(2t<p—(b+f))

ot 1 — e2mi(p—(b+£)/2%)
11— 62m’(2‘57£)

ot 1 — e2mi(6—£/2%)

The second step follows from the formula for sum of a geometric series, the third from substituting § =
@ —b/2t.

Introduce new variables. Take the output of the final measurement to be m, and chose an error tolerance, e
which is a positive integer such that if |m — b| > e, the algorithm is considered to have failed. The probability
of that failure condition is:

—(e+1) ot—1
2 2
p(m=bl>e) = > o+ Y ol
f=—2t=141 f=e+1
For any real 0, |1 — €| <2, so
1

|ave| < ot ‘1 _ €2w¢(5—2/2t)|

Whenever —7 < 6 < 7, then |1 — €| > 2(0| /m. And when —2"7! < ¢ < 2! then —7 < 27 (§ — £/2") <,
therefore:

1 1
< =
|aé|—2t.2(5fg/2t) *%(672'55)
And
1 —(e+1) 1 gt—1 )
p(jm—-0b>e) < - _ 1
4 Ez—;H—l (¢ —2t0)° Z:Zc;_l (0 — 2t§)?
—(e+1) gt—1
1 1 1
< - Z — 4 Z R
< . _
! (=—2t"141 ¢ ot (U=1)
2t—1+1
1 1
< = _
< 3 ; B
1 2t—171 1
< 5 dl—
-2 /871 02
. 1
T 2(e-1)

Second step follows because 0 < 2¢6 < 1.

When approximating ¢ to an accuracy of 277, e = 28~ —1. When using ¢t = n-+p qubits in phase estimation,
then the probability of success is 1 — m Let € be the probability of failure, then you can find minimum

t that won’t exceed that failure rate:

_ 1
© T 2@ _9
1
2 = — 42
26+
1 ! +2
= 0O —
p 2 %



So for success probability of at least 1 — €, choose t = n + [logQ (2 + %)]

Lecture 19 (28 March)

Homework Hint

Homework 4, Problem 2: Convolution Theorem and Fourier Transform
Given coefficients of basis states ag, ay_1 and By, Sy_1 which tranform into vg, yny—1 and dg, dn_1

Discrete FT:

;N N—
o 27ijk/N _ e2miik/N
Yi = Qe ’
3 2k
I FT:
nverse N | N
aj = Z 'Yke_QT”]k/N7 ﬁj _ Z 5ke—27rljk/N
vN k=0
Convolution: No1N_1
= =3 il
=0 £=0

Use FT formulas to substitute oy and 3;_, above:

L V-1
NP See—2mili—Ok/N
Bi—¢ N kZ:O k

Result is messy, you end up with four sums, but it simplifies.

Performance Analysis of Phase Estimation

We can compute bounded probability of failure and use that to determine how many qubits to use in top
register to get desired accuracy. Last lecture proved:

1
Priim—b>e=2""-11< —— <e¢
where € is highest allowed probability of failure, m is the measurement of the first register on the computa-
tional basis, b is the representation of ¢ expressed as a measurement, e is our error tolerance, expressed as
the highest allowed absolute difference between m and b. ¢ is the number of qubits in the top register and n
is the desired accuracy in bits, which is just an alternate expression of error tolerance.

This expression of probability of failure and accuracy is unwieldy and not what we originally set out to
determine, which was finding:

Prile—¢l <27}
where ¢ = Z¢. To find this, we switch to finding probability of failure instead of probability of success

2
> 2”}

because that it is easier to bound that from above.

. —n b b
Prile—¢| >2 }Pr{’¢2t+2t(p
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Using the triangle inequality (|a + b| < |a| + |b]) :

b b . n
S P’I"{‘ _§+§_90 > 2 }
< Ppri27t b % 27"
=~ r +?*<}9>
P b ~ —n —t

= Pr{|b—m\ > 2tmn 1}
= Pr{lb—m|>e}

1
2(e—1)

IN

P.E. w/ approx Eigenvector

Phase estimation algorithm requires an eigenvector of the matrix U, but it is also possible to use approxi-
mations of an eigenvector and still get meaningful results. [Paper: Abrams + Lloyd]

Given|u), an approximate eigenvector which can be expressed in terms of real eigenvectors |uy) as:
N—1
u) = > d |ug)
k=0
We would like to estimate the phase (g corresponding to Ao = €270 |ug). The of the P.E. on this input is:

2t—1
ot H®'QI 1 .
0)7" u) — QWZUHW
7=0

1 2t—1 2t—1
= 52 D) difuk)
j=0 k=0

2t—1 2t—1

1 .
= deﬁ Z 17) k)
k=0 j=0
Ui 2t—1 1 2t—1 .
— deﬁ Z 1) U7 |ug)
k=0 j=0
2t—1 2t—1

1 iond | s
= g O ) )
k=0 =0

2t—1 2t—1

Fler > di > g(en ) 15) lu)

k=0  j=0

g (@K, j) in the previous lecture was «;, the amplitude of output state j in the top register. The last lecture
showed that a; amplitudes were bounded from above, and that if j was far from b, then a; would be low.

Next, measure top register to find Pr {|m — b,| < e} where 0 < o — % < 27%. Probability of any measure-
ment m is:

N-1
Pu= 3 ldig (pr.m)]?
k=0
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Let G be set of measurements which satisfy |m — b,| < e, then

N-1
>N ldeg (o, m)?

k=0 meqG

ldol* > 1g (w0, m)|?

meG
= |dof* (1 —¢)

Pr{G}

Y

where ¢ is probability of failure given real eigenvector |ug) (ﬁ <€) and do = (ug|u)

Applications of P.E.: Order Finding

Given z, N positive integers, x < N, and ged (z, N) = 1.

Definition: The order of z modulo N is the least positive integer r so " = 1 (mod N)

Example:
r=1,r=1

r=2, N=5r=4
r=5 N=21
Lemma

Lemma: The order of £ modulo N is < N
Proof:
For k=1,2,3,...,N,and r, € {0,1,...,N — 1}

zF =V N + 1y,

Assume none of the remainders ry in the range of k is one, 1, #1Vk=1,...,N
If that’s the case, then two of the remainders in the range have be the same, 3k,p: ry, =7,
ko _
x = V(N + 1y

¥ = LN+

Subtracting these:
ab — 2P =P (¥ P —1) = (b — £,) N

Case {,, =, then 2F7P =1
Case (,, # li, since N cannot divide 2? because ged (z, N) = 1, N divides 27 — 1:
P -1 = (N
27?7 = 1(mod N)
which means r < k —p < N.

Both of these cases contain contradictions, which means the assumption that none of the remainders 7y is 1
for k=1,2,3,..., N is false, and the order must be < N.
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Algorithm

Clasically: No known algorithm solving order finding in polylog N
Quantum: P.E. solves in poly log N operations (gates)

Given L = [log, N, the unitary operator to use for phase estimation transforms like:

Uly) = |xy mod N) y=0,1,2,...,.N—1
|y y=N,N+1,...,2F -1

Example: © =2, N =5, L = [log, 5] =3

0) | 10)
| 12
2) | 4
3) | 1)
14) | 13)
5) | 1)
6) | 16)
7117

Lecture 20 (2 April)

Lecture 19 Review

Item 1: With initial state |u), eigenvector for phase estimation satisfies ¢ — ¢ < 27" where n is the number
of bits of desired accuracy, and ¢ = g is the measured value approximating ¢. This condition has to hold
with probability> (1 — €), € being the allowed probability of failure.

Item 2: If the initial state is some arbitrary initial vector, |@), instead of an eigenvector, the output will still
satisfy ¢ — ¢ < 27" with probability > |(u|@)|> (1 — €). [There is another proof of this fact in 2 lines in a
paper online about constructing initial states]

Example: Take unitary matrix U, which has two phases ¢, p2 and two eigenvectors uy, us. The eigenvalues
are related to the phases like A\; = 271, Xy = ¢2™%2_ If the initial state is [@) = L u1) + ¥ |ua), the

phase estimation algorithm will give close approximation of ¢; with probability (%)2 (1 —¢), and a close

N2
approximation of s with probability (@) (1—e).

Order Finding

Given z, N: < N and ged (z, N) = 1 (meaning x, and N are coprime), {ind the least positive integer r so
2" =1 (mod N).

U Matrix

The phase estimation algorithm can solve this problem using the matrix U that transforms like:

Uly) = |ty mod N) y=0,1,2,...,N—1
BRI y=N,N+1,...,2F —1

where L = [log, N].
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U is a permutation matrix, meaning that if it is input with a basis state, it’s output is another just basis
state, and each different input maps to a different output, so it outputs all possible basis states. And because
states from N to 2L are mapped to themselves, the bottom right corner of the matrix is actually the identity

matrix, so
P 0
o=(5 7)

To show U is unitary to suffices to show that it is 1 : 1, and it suffices to show that by showing P is 1:1
since . .
[ P70 P o\ (PP O\ (I O
Uty = ( 0 I 0o 1) 0 ) \o I

Number Theory Aside

Given z, N then there might be a multiplicative inverse b so bx = 1 (mod N)
Examples:

r=2,N=50=3

x =2, N =4, there is no b because ged (2,4) =2 > 1:

2b = 1(mod 4)
261 = 44
odd = even

x has multiplicative inverse =1 (mod N) iff ged (z, N) = 1.

Showing U is Unitarry
To show that the mapping zy (mod N) is 1:1 for different values of y, we need to show no two values of y
give the same output.

Take z = zy; (mod N) and z = xys (mod N). The order finding problem assumes xz and N are coprime, so
we don’t have to worry about multiplicative inverses not existing and:

z tzy; (mod N) =z 'zys (mod N)
(14+4N)y; (mod N) = (1+4N)ys (mod N)
y1 (mod N) = yo (mod N)

Yy = Y2

Therefore P is 1:1 = U is 1:1 = U is unitary .

If P is a permutation matrix then P~1 = PT
Eigenvector of U

Definition: For S =0,...,r — 1 define |u;s) = % ZZ:) e~ 2misk/T |2k (mod N))
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Then

1
o= 2misk/Tyy ’xk (mod N)>

\]
|

S‘
)
3

Il
= o

1 )
_ 6727rzsk:/r |:L,Ic+1 (mod N)>
r
k=0

=l

67271'1'8(]6*1)/7’ |xk (InOd N)>
k=1

— 7627”‘3/7" Z e—27r1',sk/r ‘xk (mod N)>
k=1

- G- %

X

Case k = r, then e=2™*"/" = 1, |2" (mod N)) = [1)
Case k = 0, then e=2759/" =1, |20 (mod N)) = |1)

This means we can sum from 0 to » — 1 instead of 1 to r:

r—1

U |Us> — %6271-2'5/7* Ze—Qﬂisk/r ’xk (HlOd N)>
k=0

_ 6727r7,'s/r |Us>

Phase Estimation for Order Finding

The phase of matrix U given eigenvector |u,) will be & and the output of phase estimation ¢, will approximate
this.

Possible problems with using this approach to find 7:

1. We do not know how to construct initial state |us).

S

2. We do not know how to get r from ¢ = 2

T

3. We do not know how to compute U7.

Initial State for Phase Estimation

Regarding problem 1, it turns out there is a trivial way to construct a suitable approximate initial state.
Take the combination of all eigenvectors:

1 r—1 1 r—1 1 r—1 )
WZ‘US> _ Wzﬁzef%msk/r‘zk (mod N)>
s=0 s=0

k=0
1 r—1r—1
= - Z Z e 2misk/r ‘mk (mod N)>
k=0 s=0

Case k = 0, this simplifies to |1)

Case k > 0, the coefficients for each output state are given by geometric series:

6727rik/r-(r71+1) -1 1-1

e—2mik/r _ 1 = e—2mik/r _ 1 =0
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(Geometric series

n
ZTk’ _ ’I“O—‘r?‘l—l—-“—l—?"n
k=0
n
A=r) = (Ot ) = (P )
k=0
—_ ’I"O—?”n+1
n
P
kgor o 1—1r

So,
1S 1
W;M = ;r|x0(modN)>:\1>

The state|1) is equal to a combination of all the eigenvectors of U, and also happens to be extremely easy
to implement, making it a good initial input for phase estimation. Note that the state |1) is L qubits long,
expressed as |0...01) in binary.

Showing P.E. with this initial state (following circuit diagram 5.3 again, page 223):

0 =0

HO'QI 1
—_—

g 1

2misj/r

= = ot/2 lj)e |us)

1 1=
= — 7262’””/’“IJ> lus) = [¢)

FH@I 1 Z
- = g (@5, 0) ) | lus)
=0 vr =0

@, is just 2. If 2" is an exact whole number, then g (¢s,¢) is 1 when ¢ = ¢,2" and 0 otherwise.

In the general case, assuming initial state is |us), phase estimation produces an approximation with n bits
accuracy satisfying | — @] < 27" with probability (1 —€). Since we are starting with state |1) instead of

2
|us), the success probability is > (#) (1—¢)
This success probability, which is the probability of ¢ being close to 2 for some specific value of s, is very
small. In reality though, we don’t care which value of s (which eigenvector) phase estimation returns the

phase for, because we only care about the ratio 2 which we can recover from any s. The success probability
is high enough to allow this.
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Lecture 21 (4 April)

Lecture 20 Review

Phase estimation for order finding

Tnitial state |1) = == 57" |u,) (L qubits long)

T

U matrix given by:
Uly) = |xry mod N) y=0,1,2,...,.N—1
Y= Iy y=N,N+1,...,2L —1

where L = [log, V.

Accuracy needed is n = 2L + 1.
< 9—(2L+1)

A S A
los — @s| = ‘* — Ps
r
A = e?ﬂ'is/r
Success probability is % (1 —¢) for each individual s using t = 2L + 1+ [1og2 (2% + 2)}

Recovering denominator of 2 is impossible for individual numerator because success probability is too low.
But overall, if we don’t care about individual values of s, then we can get a high enough probability ratio.

Deriving order from estimated phase

Question 2 unanswered from last time: How to get r from ¢, assuing phase estimation suceeded, or

< 9—(2L+1)

S A
= — s
T

for some s.

Theorem: If |$ — sl < 2%2, then # is a convergent of a continued fraction for ¢, and can be computed from

pin O (LB) operations, using continued fraction algorithm. [Theorem 5.1, and A.4.16 p637]
It is not hard to satisfy condition needed to apply this theorem:

L=1logyN] > log, N
2L+1 > 2logy N +1=2log, N +log, 2 = log, (2N?)
—(2L+1) < —log, (2N?)
—(2L+1 “logy (2N?) _ ology(5) _ L 1
9—( ) < 2 A )f2g2(2w)f2N2§ﬁ
|907955‘ <

92
Continued Fractions

Any real number z be represented as a sequence of integers [ag, a1, .. .a,] which are terms in a continued

fraction: )
T =a,+ I
R —

ap_1+ 5

an
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Example:

g — 2+l
18 18
1
T
= 2+ !
B 2+ 32
= 2+ !
2+1+1%
1
= 2+ -
ey

3

The sequence of a; values can continue forever when x is an arbitrary real, but will end when x is a rational
number because the sequence of remainders will be strictly decreasing, and the procedure for determining a;
terminates in log (numerator or denominator). In the case of order finding, it converges in O (¢) or O (L)steps.

Reason: The procedure divides when remainder is > 2 and stops when remainer is 1 or 0. Since are dividing
repeatedly by numbers which are > 2, it only takes log N iterations before reaching 0 or 1.

Continued fraction cost per step is ¢> for the division of a t bit number. This is O (Lz). Total cost of the
algorithm is the cost per steps times number of steps, or O (L?’).

[More information on Continued Fraction Algorithm in Appendix p635-6, theorem A.4.15).

Continued Fractions as Simple Fractions

Given [ag,a1,...,ay] then [ag,a1,...,a,] = % for n < N. Running continued fraction algorithm on ¢ at

some point in the middle should give the fraction o

(Examples of continued fractions made into simple fractions:

ag
ag = 1

1 _ agai+1
ap+ =— =

aq aq

1 _ az — agaiaztaotas
ao + aH—i =ao+ araz+1 araz+1
1 1 _ azaz+1 __ apajazaz+tapaitagaztazaz+1

ao + a1+a2 17 ao + a1+a23§+1 ao + ajazaz+taitas ajazasz+tai+asg

The following formulas give numerators and denominators without the need for all the manipulation above:
Po = ao, qo =1
p1=aoa1 +1, 1 = a

Pn = QnPn—1 + Pn-2, @n = GnGn—1 + Gn—2

Examples:
— ag _ Do
[ao] =7 = ¢
T _ agai+1 — p1
[ao, ai] ap+ o0 =" =
1
1 _ “”(“ﬁE o P1+Zg piaz2+po _ p2
[ao’al’aQ] ao + a1+ a1+ T @9l T a5q1+q0 | g2
a2 a2 ag
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Continued Fraction Examples

Ex 1: 1% =0+ &, continue running with 19—5
9

Ex 2: 0333 = {55 = 0+ ww = 0+ 57

po=ao=07qo=1y%ﬁ=0

— — - —3 ko _1
pr=aa+1=1q=a =3, =3

P2 = asp1 +po =333-1+0=2333
q2 = a2q1 +qo =333 -3+ 1 =1000

ps __ 333
g2 _ 1000

c1 1000 _ 1 .
If we would have started over with 332° = 3 + 335, then:

_ _ —1 Po _3
PO*GO*?MQO*L @ 1

p1=333-3+1=1000, ¢ =333-1 =333, 2 = 0

Order Finding Algorithm

Algorithm after phase estimation is classical. Get ¢ = [ag, ..., a;,] determine %, forn=0,...,m. For each
Gn, check if z9» ) (mod N). If the equation is satisfied, then r = ¢,,.

The algorithm may fail in two seperate cases:

1. If phase estimation fails

2. If ged (s,7) > 1. If this is the case, recovering the denominator of % will give r divided by the ged, instead
of just . 2 = j—:, ' <r,z" # 1(mod N)

Can overcome these types of failures by repeating algorithm, but need to compute success probablity to

know how many times to repeat. Note that # of primes < r is 21£gr

So the overall success probability is: 5707 (1 —€) = 5155 > gio.5 since 7 < N

(QIggr% is the probability that s is prime, since s is less than r)

2log N
If we repeat 2log N times, then success probability of having at least 1 success is > (1 — (1 — 2110_gEN) )

1—e
~ 1 — 672logN(210gN) — 1 _ e_(l_e)

Lecture 22 (9 April)

Review: Order Finding

Used P.E. to get |2 — ¢| <27CL=D L = [log, N

Use ¢ as an approximation to > in continued fraction algorithm to get s, r individually in O (L3) ops. Test
=1 (mod N) with result. If true, then finished, otherwise repeat.
The probablity that phase estimation succees and that s is prime is

r 1—e€ 1—c¢€

2logr r - 2logr

57



T

is number of primes < r)
2logr

(where

1—¢€
>
— 2log N

2log N rep will yield # succ > 1 w/prob 1 —e~(17¢)

Repeating overall means O (L*) = O ((log N)4)

Modular Exponentiation

(iii) How to implement U7, or how to compute X* (mod N). Use modular multiplication:
0<j<2t—1,j=3"par2", ax € {0,1}
x] — xzz;%) aka — J;GOJ/-G'l? “e. Jja(n—l)Qtil

xj (mOd N) = (an .. .Ia(n71)2t71>

Ex: 2° (mod N) = 22°+! (mod N)

= (2% (mod N) z? (mod N)z (mod N)) (mod N)
N=1l,z=5

5° (mod N) = ((5?mod N) (5?mod N)) (5mod N)
3.3.5(mod 11) = 1 (mod N)

PE.U, U2, U4 U8, U*10(1)

x, 2%, x*, 28

v, x-x, 2% 22 2t 2t

Why does modular multiplication work

1 =0ON+nr

2o =LlaN + 19

122 (mod N) = (£1€2N2 + lyroN 4+ lori N + 7"17“2) (mod N) = rirs (mod N)

If U has different forms, not always easy to compute powers. If it were, quantum could easily solve NP
complete problems. Example of not easy U:

U=eih, Ul =i

Factoring

Shor’s algorithm

Given composite number N, which we want to express as m - n. Application: cryptography, where the
problem is assumed to be hard. Traditional algorithm: number field sieve with time 2C(1og N)'/*(loglog N)*/*
c is const > 0.

Related to order finding.
Definitions:

N - composite number

x, N - coprime, 1 <z < N
r - order 2" = 1 (mod N)
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L — [logy N - bits to represent N
Theorem 1: N composite, = is a nontrivial solution of 22 = 1 (mod N). Nontrivial means 1 <z < N — 1.
-1 = (z—1)(z+1)
# 1(mod N)=1
# —1(mod N)=N —1

N should not divide (z — 1) and (x + 1). If true, at least one of ged (x — 1, N) or ged (z 4+ 1, N) is a non-
trivial factor, and can be computed in O(L?) operations using euclid’s algorithm.

Proof

22 — 1 = (N, equivalently, (x — 1) (z + 1) = (N
l<z<N-1

r—1<N-2<N-1

N does not divide (z + 1)

Tells you N and z — 1 or z — 1 must have a common factor.
Take ged (z — 1, N) and ged (z — +1, N), done.

How to compute ged (a,b) with a, b postive L-bit integers:
1. If a < b, ged (a, b) = ged (b, a), find max (a, b)and make it a
2.a=0b+1r

ged (a,b) = ged (b, 71)

if r; =0gcd(a,b) =0

ifry =1ged(a,b) =1

else r1 # (0, 1) repeat

Gives a sequence of remainders b = for1 + 19

Example 1

ged (6825, 1430) = 65

6825 = 4-1430+ 1105
1430 = 1-1105+ 325
1105 = 3-325+4 130
325 = 2-130+65
130 = 2-65+0
Example 2
ged (7,4) =1
7T = 1-4+43
= 1-3+1
= 3-1+40
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How many steps: decreasing sequence of 7, dividing by numbers > 2, so O (L) steps. Cost per step is cost
per division is O (L?). Total cost: O (L?).

Theorem 2: (no proof given). N is composite and odd and N = p{'p3>...p%", p; are primes, of which there
are m many. Choose z € {1,..., N — 1} uniformly at random. If r is order of  (mod N), so " = 1 (mod N),

then probability {r even and 27/2 £ —1(mod N)} >1— 5L
z"/2 41+ (N.

if n=2prob>1-g5 =2

even if n = 1 prob > 1

If you can verify solution, even probabilities < % are ok, just repeat. Aslong as probability isn’t exponentially
tiny, verification is all you need to get away with tiny probabilities.

Reduction of factoring to order finding

High level summary, steps later

Choose random z and find 7.

2" =1 (mod N)

if r is even = (2" 2)2 and you can use theorem 2
return ged (:L'T/z -1, N) or ged (mr/z +1, N)

Wednesday: details, grover’s algorithm

Lecture 23 (11 April)

Theorem 1: 22 = 1 (mod N)
(x—1)(z+1)=¢N ged(z —1,N) or ged (z + 1, N)
x # + (mod N)

Ex1: N=152=4, 22 = 16 = 1 (mod 15)
(z—1)(z+1)=15

ged (3,15) x ged (5,15) = (N

Both ged’s are factors

Ex2: N =12, 2 =7, 2% =49 = 1 (mod 12)
(z—1D(x+1)=6-8=48=4-12

(=4, N =12

ged (6,12) =6, ged (8,12) =4

6 -4 # 12, both ged’s are not factors

Therefore take one gcd, get another factor by division.Look at pages 15-16 of schor’s papers.
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Reduction to order finding

Choose x € {1,...,N — 1}

Find order r, 2" = 1 (mod N), use theorem
If r is even (x"/Q — 1) (1’"/2 + 1) =(N
then ged (22 — 1, N) or ged (22 + 1, N)
there are constraints, we cover them later

assuming r is even, assuming not a trivial solution (as indicated by theorem). In even case, you know
2"/2 # 1 (mod N) because 7 is order, order is smallest 7.

Theorem: If N is odd and composite and factors as N = p{*p5?...p%" p, primes and pick one X =

{1,...,N — 1} uniformly at random. Pr {r even and 2"/2 # —1 (mod N)} >1— L

Shor Factoring Algorithm

Input: Composite number N

Output: Factor of N

Runtime: O (L3) = O ((log N)S)

Probability success > 3

Steps:

1. If N even output 2

2. Determine if N = a?, for some a > 1, b > 2. If so, determine n and stop.

3. Uniformly chose z € {1,...,N — 1}. If ged (z, N) > 1lm return ged (z, N).

4. Only quantum step. Use order finding algorithm, obtain r order of x mod N.

5. If r is even and z"/2 # —1 (mod N), then return ged (LL'T/Q -1, N) or ged (xT/Q + 1, N) doesn’t matter
which. Otherwise algorithm fails.

Remarks

Step 1: Step 1 is easy

Step 2: How to check N = a® for a > 3, b > 2, we know b < log N < L
b=1{2,3,4,...,L}

Check if a* = N for each b and integer a. Book uses algorithm to find a, but you can use binary search.
Bisection isn’t so bad because only need sign information, don’t need to compute whole powers. Cost of

bisection in log NV = L steps, error < ﬁ, cost per step is cost of repeated querying O (loglog N). Total cost

0] (log2 N loglog N)

Alternative: Newton’s method
/() 2 "—N

i

Tiy1 = Tj — (@) =T — Tt
k2

s = NY/2| = O (Jai = NVY|)
Quadratic convergence, taking as few steps as needed.

After steps 1 and 2 know z is odd and has more than one prime factor.

1

Combine w/ theorem 2 to see that prob > % =1- 5.

2 is number of factors (2 > 1).
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Step 3: Use euclid algorithm with cost O (L3) =0 (log3 N) to get ged (z, N). if > 1 stop, else continue
knowing x,N are coprime.

Step 4: x, N coprime, so order finding. Cost O (L3) or O (L4), depending which way you do, not significant.
Gives r, so " = 1 (mod N).

Theorem 2: Pr{r even and 2"/2 # —1 (mod N)} > 1 — % = 3.
Step 5: Check r even

27/? £ —1(mod N)?

If so, ged (272 — 1, N) or ged (2"/2 4+ 1, N)
Example:

N=a(13x7)

1. Not even

2. Not N # ab

3. Say z =4, ged (4,9) = 1 coprime

4. Order of z = 4(mod 91) =1

r =6, 4% = 2!2 = 4096 = 1 (mod 91)

4096 =45-91+1

5. r =6 even

x7/? = 43 = 26 = 64 = 64 (mod 91) # —1 (mod 91)
ged (63,91) = ged (63,28) = ged (28,7) =7

ged (65,91) = ged (65,26) = ged (26,13) =13

Both of them are not factors, but they are both divisors.

Search, counting algorithms

Grover’s algorithms
Boolean mean, Brascyd et al (amplitude, amplification, estimations)

Applications many problems science / engineering, integration, approximation, path integrations, differential
equations (Schrodinger eqn).

Lecture 24 (16 April)

Searching / Counting Algorithm

Given a function
f:{0,1,....N =1} — {0,1}
as in Deutsch Josza, find which inputs produce an output.

N =2", N is huge

We use queries, or oracle calls
Qrlz) ly) =) [y & f (2))
|x) is n qubits, |y) is 1 qubit.
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Using H |1) as an input:

@l U = (o6 f@) - e f @)
= 55 (@1 @) - [F@))
if f () = 0 then |z) 222,
if f(2) =1 then |z) 1212,
R e

V2 V2

With this input, the |y) qubit is unchanged, there is just an overall phase shift. This is more convenient for
analysis than the general Q; |x) |y) function.

Search

My = {z:f(2)=1}
M = [Mf=1

Problem is to find elements of M. This is a reverse lookup problem, like searching an unordered database.
Unlike the quantum solution for the factoring problem, the quantum solution for this problem is not expo-
nentially faster, just polylog. Another difference is that this quantum solution beats the upper bound of the
equivalent classical solution, whereas the quantum factoring algorithm only beats known classical algorithms.

Related Problem: Boolean Mean

Classsical Search Algorithms
1. Deterministic Algorithm. Lower bound O (N), because you may have to evaluate N times before search
succeeds.

2. Randomized Algorithms. (See paper Beals et al). Lower bound is also O (N). No proof, but basic idea
follows.

Algorithm:

Choose z uniformly at random with replacement.

If f(x) =1 stop with success.

If f(x)=0 fail.

Repeat k times.

Probability of failure first time is 1 — % EM=1,1- % > C.

Probability to fail in k trials is (1 - %)k < J. Set desired tolerance to 6.

M
klog (1 — N) =logd
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logd __ logd 7£10 1
log (1— ) ~ =L =37 %8¢

Approximation holds when M <« N. In this case, algorithm is O (N), in general case algorithm is O (%)

General hint: log (1 + x) &~ x when z is tiny. This is used frequently in complexity analysis, and is based on
the power series expansion.

When algorithm is run without replacement, probability of failure is

CeC) )
oy

k
this is bounded by a constant unless k is O (N)

k S
R <
(1 ) 0

N 1 1
szloggﬁSkalogng(N)

_k
N

Repeating

Quantum Search Algorithm

Grover’s Algorithm, O (, / %) counting the number of queries of Q.

Algorithm: Given some initial state |10g). Apply operator then query, then operator, repeating as neccesary.

[Y1) = QrUrQrUr—1 ... UsQrUi |tho)

using T' queries.
Boolean Mean

N-1
S =5 @) =7

z=0

Classical Algorithms

1. Deterministic Algorithm. Find lower bound on number of evaluations given error tolerance e. To do this
we need to ensure

m?x’S(f)fS‘(f)‘ge

For k evaluations, assume f (z) = 0 to get lower bound, we then know that 0 < S (f) < =%, Take an

estimate at the middle of this range to get least possible error in worst case:

s(p=0=x)

In this case



1(1—k> < €
2 N
N -k < 2Ne
E > N(1-2e

Lecture 25 (18 April)

Searching + Counting

Classical Algorithms, Deterministic and Random O (N), 1 < M < N.

Quantum Algorithm O (\/%)

Counting / Boolean Mean

Classical deterministic algorithm: k& > N (1 — 2¢)

Classical randomized algorithm: Choose k inputs at random computing

k
Zf (i)

k:x;€{0,...,N—1}

S(f) =

e

This is a Monte Carlo algorithm. Instead of finding the lower bound error, find the expected error
1/2

(B [s0-30]) = <

Chebyshev inequality

T = 2 !
E((sth-50)
Pr{’S(f)—S’(f)‘>2e} < <( — )>

Quantum Algorithm
Provides provable polynomial speedup over classical randomized algorithm. This is unlike factoring where

there is no known lower bound and we are beating known classical algorithms without any proof that there
isn’t an unknown classical algorithm which could be faster.
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Grover’s Search

1. Apply oracle @ (from Deutsch-Jozsa) or the nice oracle Oy (from previous lecture), Oy |z) = (—1)

2. Apply H®"
3. Apply phase shift Qg which is a reflaction about |0)
Qo = 2|0)(0] -1
Qo |0) 20) (0[0) — I'|0) = [0)
Qo) 210) Oly) = I'ly) =—1ly), y#0

so for any basis state |y)
Qoly) = (=)™ |y) Yy =0,....N -1
4. Apply H®"

All 4 operations can be combined with one operator

G H®™ (2]0) (0] — I) HE" Oy
(2H®™[0) (0] H®™ — HE"H®™) Oy

= @)l -1)0y

where
j:
1) because for |z) L |[¢)

21) (W] = 1) |4)
21) (Wl = 1) |2)

2|¢) (| — I acts as a reflection about

|
<

—12)

Analysis
My={z:f(x)=1},1<M=|M;<N-1
Define two states|a) and |3) so

1
@ = = 2 W

IQJV[f

1
18) = \/7]\7 Z )

v
e}l = [} = 1 and {a|b) = 0

L N
N ; 17)
— (V=1 jo) + VAT |9))
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Idea of algorithm is to boost change initial state |¢)) boosting the amplitude of |8) so the state that is
measured will likely be in M.

lv) = (alY)la) + (BlY)[6)
1 1 e
(aly) = —= (z]y)
N-MVN xg¢M; y=0
1 1
= — 1
N - M+N I;Mf
R S SR
N—-M~N
 [N-M
- —

Similarly for |8). Because ||[¢)]|* = X2 |[|a)[|* + AL [[|8)]|* = 1, |¢) can be written as

[v) = cosg la) + sing |3)

where
sl — JN-M
2 N
sn? - M
1n = N

Powers of G
Want to determine G |¢), G2 |[¢), G2 |[¢) , ..., GF )

G = @2 {l-1)0s

Osla) = —=—= 3 Osl0)

¢ My

I
—
—
|
—
N
<
=
8
&
I
iR
8
Z

Or|B) = > Oflx)
VM

= -6

So when operator Oy is applied to |a), it is unchanged. When the operator is applied to |3) it is reflected.
Given this, we can see G applied to a state creates a rotation of that state in the |«), |3) plane. Previously
we showed expressed |¢) in terms of an angle 2

9 = cos 3 Ja) +sin 5 |9)

allowing the state |¢)) to be represented graphically as a 2 dimensional vector in the |«a) ,|5) plane oriented %
degrees above the |a) axis. Applying Oy to this state negates |3) component reflecting it about the |a) axis
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resulting in a vector 2 degrees below the |o) axis. Applying 2 |1) (1| — I is the same as a reflection about

1b). This results in a state oriented & + (4 — —2) = 32 degrees above the |o) axis. (5 being the angle of
the [¢) state relative to |a), (% — —%) being the angular distance between [¢) and Oy |1)). The result of
the two reflections is

3¢ 30
G |¢) = cos 5 la) + sin7 |8)

which taken together are equivalent to a rotation by 2. Applying the G operator repeatedly is then

equivalent to
2 1 2 1
G* |w>=cos< k;— 19) a>+sin( k;— 19) [3)

when a good value for k is chosen, sin (2519) will be close to 1 and measuring G* [¢)) will yield a state from
the |3) superposition with high probability. Recall that any state in |3) is a solution to the search problem.
More formally, for a measurement |x) on the computational basis

Pr{zeM;} = sin? (%;119)

Lecture 26 (23 April)

Grover’s Review

G = H®"(2]0) (0| —I)H®*"O;
= (2[¢) @[ -1)0y

Ofle) = (-1)'@ )
1
0 = =g 2
¢ My
1
3 = — |z)
1 N—-1 o
) = —= > lj)=H®"|0)""
VN =
GFly)y = cos(2 ;119) |a>—|—sin<2k2+119) |3)
(v M
Sln<2> = ﬁ
9y  [M-N
COS 5 = 7]\7
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Grover’s Analyis (continued)

Need to find value of k that gives G¥ |¢) close to |3). Start with success probability of algorithm assuming
k is known. For x € My

2k + 1 2

(| GHy) = \( ) tal

. <2k + 119> 1
Sin —
2 VM

2k +1 1
_ 12
= sin ( 5 19)

2

2 M

2k +1 1
)

= 9) —
SlIl( 5 >M

2k +1 1
Pr{measuring x € M;} = M sin® ( + 19)

Success probability is therefore sin® (25:19) given a k. 25514 should be close to %, so

T 9  2k+1 T 9
< T,z
2 2~ 2 19<2+2

If%<%then %:sing<sin§:\/gand0§19§g
T—9<(2k+ 1)V <7+

s i
T l<ok+1< ™41
g LSty T

i ™
2 1< o
50 1Sk<gg

/M _ n ¥ ~ 0 i ; ; ‘s ti ; r~ M — "1 /N
N = sing ~ 3, a valid approximation when 9 is tiny. In this case ¢ ~ 24/ 57, and k = g5 ~ 71/ 77,50 a
s N

good k can be set k = [Z M—‘, making the complexity of the algorithm in terms of oracle calls O (N).

When M is larger, you need a more precise analysis without the approximation. In this case use

0 M
sin — = —
Sy VN

N
cos — =

. 0 9 IN — M
sing = 2sm§cos§—2 ~V v

¢ = arcsin (2 MI(N_MI))

;
S

Then use a trig identity

==

N2
i
29
M 1 :
To see what happens when 5 > 35 look at the relation

AM (N — M) M< M>

k =

4= (1-=

sin? 9 = N2 N N

and note that 9 gets smaller as M increases from % to N. Because ¥ gets smaller, k gets larger, and
algorithm gets slower to the point where it is not better than a random classical algorithm.
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Grover’s Algorithm Circuit
Cireit (64) (15" 1) (0)" 0 L)

(Diagram Figure 6.1, Page 251)

ot 10) = 1) H® eI

V2

0) — 1)

2 (o (B o (1 20)) 2

10)

Estimating M

Grovers agsumes M is known. If M is unknown, there are two approaches.

1. Brasard, et al. Apply G7 for random j, and show expected number of steps is O (\/N/M).

2. Find M using sing = 1/% and estimating . Since this also gives you the boolean mean it lets you “hit
2 birds for the price of one.” We cover this second approach.

G = (2[)(]-1)0f
Gla)y = cos(9)|a)+sin (V) |8)

G|B8) = cos (19 + g) |a) + sin (go + g) 153)
= —sin(9) o) + cos (9)|6)

The effect of G on the |a) vector above is determined by looking at reflections and rotations on the |a), |3)
plane (Figure 6.3, page 253). Applying O to |a) does not change anything because as shown earlier, Oy
is a reflection about the |a) axis. Applying (2 |9) (| — I) to |a) reflects the state about [¢). Since |¢) is
2 degrees above |a), reflecting |o) about it is equivalent to rotating the state by 2 - 2 = ) degrees. The
resulting vector has magnitudes of cos () in the |«) direction and sin (¢) in the |3) direction. G |5) is derived

similarly. The relation above can be used to express G as a transformation on the |a), |) basis:
a— [ s ¥ —sind
“\ sind  cos?
The eigenvalues of G are given by

0 =

costy — A —sind
sin ¢ cost¥ — A
= (cos (¥) — A)* + sin® (9)
(cos(9) —N)? = —sin®(¥)
cos () — A = =isin(¥)
A = cos(9) xisin (V)
e:i:iﬂ

Phase estimation is performed on G to find ¢, which can in turn be used to find M and k.
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Lecture 27 (25 April)

Review: Grover’s Algorithm

GF k=25, sing =/

When M is small, the following approximation for & is valid: k = [% %—‘
Otherwise k can be found using ¥ = arcsin (ZW)

it M =1,k=0(VN)

If M is unknown, can use estimate of ¥ to find it. Estimating 9 happens with phase estimation on G, which
expressed as a transformation on the |a), |3) basis looks like

G = ( costy —sind )

sind  cost

and has eigenvalues, Ay = e,

Phase Estimation for ¢

Phase estimation requires us to generate an initial state which approximates one or more eigenvectors of G.

Finding Eigenvectors of G

Denote unknown eigenvector as (z |a) + y|5)) so:
G (zla) +yB)) = e (z]a) +yB))
Expanding the left side gives:
2Gla) +yG|B) = xz(cos?|a)+sind|B)) + y(—sind|a) + cos?|3))

Which is true when z cos® — ysind = zet and zsin? + y cos ¥ = yet?’

zcost —ysing = zet
xcost —ysint = x(cost L£isind)
—y = =iz when sind # O,g # kg
Which gives eigenvector of the form z |a) £ iz |3). Normalized, the eigenvectors are
_ ) +1i18)
W+> - \/§
_ o) —ilB)
|¢*> - \/§
|a) and |B) can be rewritten as
1
= _ —+ _
|) 7 (I4) + 1))
1
8) = 7 (Ip4) = 19-))



Generating Initial State

|1} can be used as an initial state because it is a combination of eigenvectors:

1
) = ﬁzz:\@

os (3 ) e s (5 ) 19
= cos (5) F5 o)+ o+ (§) 2
- ( (3) o (3)) e s

= W+> + 7@_72 [v_)

I
)

(1) = [9-))

()i (2)0

/\3‘@
o

S\

Note: Coefficients to |¢4) and |tp_) above are not important. Any state which was a combination of the two
eigenvectors would work for finding the boolean mean.

Phase Estimation Results

The result of phase estimation with G' and initial state |¢) can be used to find boolean mean

N Zf = sin® <Z)

Phase estimation gives|p — ¢| < 27 , ¢ = & with probability (1 — €) using ¢t = no + [log (2 + 2 )| qubits in
the top register. Phase estimation will approximate A, with probability

2

.
[SY

(1—¢)

1.
V2

and approximate A_ with probability

Eigenvalues again are

)\+ — eiﬂ _ 627'”',19/(271)

A = 6i(27r—19) _ e—27ri(27r—19)/(27r)
9

LA
29

L 2m
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Error bounds look like

lpr —¢| < 27
. T
[mps — 7| < om0
9
™ = -
Pt 5
9
T = w——
4 2
) ~ T 1
‘2—7799 < %W/pl‘ob 5(1—6)
) . s 1
T T < 2%W/plrobi(l—e)

But we aren’t using phase estimation to compute phase, we are using it to compute M which is related to
the sin, so we need a different bound:

. 2
sin’ (2)—sm2 (7;3)\ < VS-S + 5

(from paper BHMT lemma 7, page 15)

Jj is measurement in computational basis

since sin® (£) =sin® (7 — £) = S (f)

- -G -9

(V]IS

sin? %)
7

sin? ( 7)

QR
o E

Phase Estimation Circuit

The circuit for using phase estimation to compute the boolean mean is the same as the circuit for normal
phase estimation. (Figure 6.7 page 262)

The output of the circuit in the bottom register will be either |¢)1) or |¢_). The top register needs just
enough bits to be able to distinguish + from 0.

In general, there is no efficient way to make G? gates, just have to apply G repeatedly, so the number of
quesries is 7 = 271 = © (2!) = © (2™). Error is O (1). ¢t = 1o + [logz (2+ 2)]. This is the best possible,
see paper [Nayak+Wu|, algorithm is optimal.

Lecture 28 (30 April)

Review for Final
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